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Abstract: Wc construct a calculus structure on the Lie conformal algebra 
cochain complex. By restricting to degree one chains, we recover the structure 
of a g-complex introduced in [DSK] . A special case of this construction is the 
variational calculus, for which we provide explicit formulas. 



(N 

< 

C^ , 1. Introduction 

A Lie conformal algebra over a field F, is an F[9]-module R endowed with a 

bilinear map [■ a ■] with values in R[X], called the X-bracket, satisfying certain 

sesquilinearity, skewcommutativity and Jacobi identity. In practice, A-brackets 

^ ' arise as generating functions for the singular part of the operator product expan- 

t"~~- I sion in conformal field theory [K] . More recently, their domain of applicability 

^D ■ has been further extended to encode local Poisson brackets in the theory of 

t^^ ' integrable evolution equations [BDSK]. 

Lie conformal algebras resemble Lie algebras in many ways and in particular 
t~^ ' their cohomology theory with coefficients in an i?-module AI was developed in 

O ; [BKV], [BDAK]. 

^^ ■ In [DSK], it was further shown that when the i?-module M is endowed with 

a commutative associative product, on which d and R act as derivations, the 
Lie conformal algebra cochain complex {C'{R,M),d) carries a structure of a 
g-complex, where g is the Lie algebra of Lie conformal algebra 1-chains. Namely, 
. , for each A G g there exists a contraction operator lx and a Lie derivative Lx 

j^ ■ on C*{R, M) satisfying the usual rules of Cartan calculus. 

Moreover, it was shown in [DSK] that in the special case of the Lie conformal 
algebra R = ® jg/ F[3]'Ui with zero A-brackct, acting on an algebra of differential 
functions V by 

"^^/^E^'t^' /^^' (1-1) 
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the cochain complex (C*(i?, V),d) is identified with the variational complex, 
introduced in [GD] , the Lie algebra of 1-chains for the i?-module V is identified 
with the Lie algebra of evolutionary vector fields, and the Cartan calculus turns 
into the variational calculus. 

Our aim in this paper is to extend the structure of a g-complex on C*{R, M) 
to the much richer structure of a calculus structure. The notion of a calculus 
structure originated in Hochschild cohomology theory [DTT] (in fact, the defini- 
tion in [DTT] differs from ours by some signs). It is defined as a representation 
{l.,L.) of a Gerstenhaber (=odd Poisson) algebra Q on a complex {n,d), such 
that the usual Cartan's formula holds 



^x 



[ix,d]. (1.2) 



Here i. (respectively L.) is a representation of Q (rcsp. of Q with reversed parity) 
viewed as an associative (resp. Lie) superalgebra. 

The motivating example of a calculus structure comes from differential ge- 
ometry. Namely, let A^ be a smooth manifold. The space of polyvector fields 
n,{M), is a Gerstenhaber algebra, with the associative product given by the 
exterior multiplication A, and the bracket given by the Schouten bracket. Then 
the representation of f2,{Ai) on the space f2*{A4) of differential forms, together 
with the de Rham differential d, is given by the contraction operator 

iixio){Y) = (-l) """"'^"''''' cj(XAy) , X,Y ef2,{M),uje^'{M) (1.3) 

and the Lie derivative Lx is given by Cartan's formula (1.2). 

In Section 2, apart from the basic definitions, we introduce the notion of a 
rigged representation of a Lie algebroid {q,A), which allows one to extend a 
structure of a (g, A)-complex to a calculus structure (Theorem 2.18 and 2.25). 

In Section 3, for any Lie algebra q and a g- module A, where A is a commuta- 
tive associative algebra on which g acts by derivations, we construct a calculus 
structure {A,{g, A), A'{q, A)), where A,{q, A) is the space of Lie algebra chains 
endowed with a structure of a Gerstenhaber algebra, and {A*{g,A),d) is the 
complex of Lie algebra cochain (Theorem 3.1). Keeping in mind the annihilation 
Lie algebra of a Lie conformal algebra, we construct a "topological" calculus 
structure in the case when g is a linearly compact Lie algebra. 

In Section 4 we introduce a Gerstenhaber algebra structure on the space 
of Lie conformal algebra chains C,{R,M) for an arbitrary module M with a 
commutative associative algebra structure over a Lie conformal algebra R, act- 
ing on Af by derivations. This extends the Lie algebra structure on the space 
of 1-chains with reversed parity, g = nCi{R,M), defined in [DSK, Theorem 
4.8]. This allows us to extend the g-structure on the complex of Lie conformal 
algebra cochains C* {R, M) constructed in [DSK] to a calculus structure (Theo- 
rem 4.11). Furthermore, we construct a morphism from the topological calculus 
structure for the (linearly compact) annihilation Lie algebra Lie_ i? of a finite 
Lie conformal algebra R to the calculus structure {C,{R,M),C*{R,M)) which 
induces an isomorphism of the reduced by d former calculus structure to the 
torsionless part of the latter calculus structure (Theorem 4.14), extending that 
in [DSK] for g-structures. This is used in Section 5 to identify the variational 
complex f2'{V) over an algebra of differential functions V on £ differential vari- 
ables, with the complex C'{R,V), where R is the free F[9]-module of rank £ 
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with zero A-brackct, acting on V via (1.1), and to extend the identification of 
g-structures obtained in [DSK], to an explicit construction of the variational 
calculus structure (/?, (V), J7*(V)), where i7,(V) is the Gerstenhaber algebra of 
all evolutionary poly vector fields over V. 

Throughout the paper all vector spaces are considered over a field F of char- 
acteristics zero. Unless otherwise specified, direct sums and tensor products are 
considered over F. 



2. Calculus structure on a complex 

In this section we introduce the basic definitions of a Gerstenhaber algebra and 
of a calculus structure, and prove some simple related results that will be used 
throughout the paper. 



2.1. Rigged representations of Lie superalgebras. Recall that a vector superspace 
is a Z/2Z-graded vector space V^ = Vg © Vj. If a G Va, where a £ Z/2Z = {0, 1}, 
one says that a has parity p{a) — a. One denotes by IIV the superspace obtained 
from V by reversing the parity, namely IIV = V as a vector space, with parity 
p{a) ~ p{a) + 1. An endomorphism of V is called even (resp. odd) if it preserves 
(resp. reverses) the parity. The superspace End(y) of all endomorphisms of V 
is endowed with a Lie superalgebra structure by the formula: [^, S] = Ao B — 

(_l)p(-4)p(i3)^Q^_ 

Definition 2.1. A representation of a Lie superalgebra q on a vector superspace 
V , X i-^ Lx G End(l/), is called rigged if it is endowed with an even linear map 
L. : IIq -> End(y) (i.e. a parity reversing map g — > End(V^)J, denoted X i-^ lx, 
such that: 

(i) [lxiI-y] = for all X,Y Eq, 

(a) [Lx.ly] = t[x,y] for all X,Y e g. 

Throughout the paper we will denote the parity of the Lie superalgebra g by 
p. Hence, for the linear map l. : IIq — > End(V^), we have p{ix) = p{X) + 1. 

Recall that a complex {0,d) is a vector superspace I?, endowed with an 
odd endomorphism d € End(J7) such that d^ = 0. A representation of a Lie 
superalgebra g on a complex (J7, d) is a representation of g on the superspace 
n, denoted X ^ Lx e End(^), such that [Lx,d] = 0. 

Recall also (see e.g. [DSK]) that a g-complex is a pair (g, i7), where g is a Lie 
superalgebra, (J7, d) is a complex, endowed with a linear map t. : TTg — > End(I?), 
satisfying the following conditions: 

(j) [ix, iy] = for aU X,Y eg, 
(ii) [[ix,d], by] = t[x,y] for all X e g. 

This is also called a g-structure on the complex {f2,d). 

Lemma 2.2. Any g-complex (g, Q) gives rise to a rigged representation of the 
Lie superalgebra g on the complex (]7, d), obtained by defining the map L. : g ^ 
End(i7) by Gartan's formula; 

Lx = [ix,d]. (2.1) 
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Proof. Indeed, conditions (i) and (ii) in Definition 2.1 coincide, via Cartan's 
formula, witli conditions (i) and {ii) above. Moreover, since (P = ^[d, d] = 0, we 
immediately get that [Lx, d] = for every X ^ q. Finally we have, by Cartan's 
formula (2.1) and condition (ii), 

[Lx,Ly] = [Lx,[i.Y,d]] = [[Lx,LY],d] ± [LY,[Lx,d]] = [i[x,y] , d] = L[x,y] ■ 

D 



2.2. Rigged representations of Lie algebroids. Recall that a Lie superalgebroid 
is a pair {g,A), where g is a Lie superalgebra, A is a commutative associative 
algebra, such that g is a left A-module and A is a left g-module, satisfying the 
following compatibility conditions {X,Y € g, f,g G A): 

(*) {fX){g) = f{X{g)), 
ill) X{fg)^Xif)g + fX{g), 
(ill) [XJY]=X{f)Y + f[X,Y]. 

Remark 2.3. Since we assume A to be purely even, the odd part of g necessarily 
acts trivially on A. One can consider also A to be a commutative associative 
superalgebra, but then the signs in the formulas become more complicated. 

Example 2.^.11 A \s a, commutative associative algebra and g is a subalgebra of 
the Lie algebra of derivations of A such that Aq C g, then, obviously, (g. A) is a 
Lie algebroid. 

Example 2. 5. If g is a Lie superalgebra with parity p, acting by derivations on a 
commutative associative superalgebra A, then {A ® g, A) is a Lie algebroid with 
Lie bracket 

[f®X,g®Y]=Jg® [X, Y] + fX{g) ®Y - {-lf^''^f^''^gY{f) ® X . 

Example 2.6. Given a Lie superalgebroid (g, A), we can construct two Lie super- 
algebras: g K A and g k LI A, with Lie bracket which extends that on g by letting, 
for /,g G A and X e g, [f,g] = 0, [X,f] = X{f) and [f,X] given by skewcom- 
mutativity. Both these Lie superalgebras give rise to Lie superalgebroids in the 
obvious way. 

Definition 2.7. (a) A representation of a Lie superalgebroid (g. A) on a vector 
superspace V is a left A-module structure on V , denoted fi-^Lf, together 
with a left Q-module structure on V , denoted X i— > Lx, such that, for X G 
g, / G A, we have [Lx.Lf] = i^x(f)- 

(b) Given e G F, an e-rigged representation of a Lie superalgebroid (g. A) (with 
parity of q denoted by p) on a vector superspace V is a left A-module structure 
on V , i. : A ^>- End(y), together with a rigged representation of the Lie 
superalgebra g k LI A, defined by the linear maps u. : Llg © A — >• End(F), L. : 
g © LI A — ^ End(y), satisfying the following compatibility conditions (f, g G 
A,Xe q): 

(i) Ljg = LfLg +ifLg, 

(ii) ifx ^ ifix, 
(Hi) Lfx = ifLx - {-ly'^^'^LfLx - f^i'X(f)- 
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Remark 2.8. If {q,A) is a Lie superalgebroid, then both A and g are {q,A)- 
niodules (but in general they are not rigged). On the other hand, as we will see 
in Proposition 2.14, they extend to a 1-rigged representation of the Lie superal- 
gebroid (g, A) on the vector superspace S^C-fffl). However, for the applications to 
calculus structure, the most important role will be played by the 0-rigged repre- 
sentations. Indeed, as we will see in Proposition 2.11 below, any (g, A)-complex 
gives rise to a 0-rigged representation of the Lie superalgebroid {g,A). 

Definition 2.9. (a) A representation of a Lie superalgebroid (g. A) on a complex 
(J7,(i) is a representation of {5,A) on the vector superspace Q such that 
[Lx, d] = for every X £ g. 

(h) A (g, A)-complex [fi,d), where (g, A) is a Lie superalgebroid, is a q k II A- 
complex (for the Lie superalgebra g k IIA in Example 2. 6) such that the linear 
map i. : TJg © A — !> End(i7) satisfies the following two additional conditions 
(for f,g€A,X eg): 

ft) i-fg = i^fh' 
(a) Lfx = ifix- 

The following result allows us to extend a g-complex to an (A® g, yl)-complex. 

Lemma 2.10. Let A be a commutative associative algebra and let q be a Lie 
superalgebra, with parity p, acting on A by derivations, so that we have the 
corresponding Lie superalgebroid {A®q,A) from Example 2.5. Let {f2,d) be a 
complex endowed with a structure of a g-complex, l. : Uq — >■ End(/?), and with 
a structure of a left A-module, denoted by l. : A -^ End(r2). Define the map 
L. : g © IIA — >• End(i7) by Cartan's formula: La — [ta, d], a e q(B IIA. Assume 
that the following conditions hold: 

(i) [tx, t/] = for all f e A, X e q, 
(a) [Lf,ig] = 0, for all f, g e A, 
(Hi) [Lx,if] = i-xif), for all f e A, X e g. 

Then, we have a structure of an (A ® q, A) -complex on (f?,d) by letting if^x = 
ifix, for f e A and X £ q. 

Proof. By definition of a complex over the Lie superalgebroid {A Q,A), we 
need to prove that the following relations hold: 

(1) [ia, ib] = 0, for a,be (Aig) TJg) © A, 

(2) [La, ib] = i[a,b] , for a, 6 G (A © g) K HA, 

(3) ifg = Lfig, for f,g € A, 

(4) if(g(xix) = I'fh'S'X, for f,g e A, X e TTg, 

where La, as before, is defined by Cartan's formula for a e (A©g)©i7A. Relation 
(1) is immediate by the definition of if^x and assumption (i). Relation (3) holds 
by the assumption that i : A ^ End(i7) defines a structure of a left A-module. 
Relation (4) is also immediate. We are left to prove relation (2). When a, 6 G IIA, 
it holds by assumption (ii). When a = f € IIA, b = g®X€A^Q, it follows 
by a straightforward computation using the following identity, 

[Lf,ix]^-{-ir^''^^xif), 
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which can be easily checked. Finally, when a = f^X€A(E}g and b = g E II A 
or 6 = g ® y g A ® 0, relation (2) follows using the identity, 

Lf^x - ifLx - (-Iff^^L/iA- , 

which is again straightforward to check. 

D 

The following result generalizes Lemma 2.2 to the case of Lie superalgebroids. 

Proposition 2.11. Any (g, A)-complex {f^,d) gives rise to a 0-rigged represen- 
tation of the Lie superalgebroid (g, A) on the vector superspace Q, obtained by 
defining the map L. : q k IIA — > End(i7) by Cartan's formula: La = [ia^d] for 
all a £ Q tK nA. 

Proof. Condition (z) in Definition 2.9(b) guarantees that i7 is a left A-module. 
By Lemma 2.2 we know that the map L. : g k LIA — )■ End(y), given by Car- 
tan's formula, is a Lie superalgebra homomorphism. Moreover, condition [ii) 
in Definition 2.7(b) coincides with condition {ii) in Definition 2.9(b). Hence, to 
conclude the proof, we arc left to check that b. and L. satisfy the compatibility 
conditions (i) and [iii) in Definition 2.7(b). Both of them follow immediately by 
Cartan's formula. 

D 

Example 2.12. Let A be the algebra of smooth functions on a smooth manifold 
A^, be the Lie algebra of smooth vector fields on M.. and J7 be the complex 
of smooth differential forms on M. with the de Rham differential d. Then (g. A) 
is a Lie algebroid. Moreover, the map t. : LIq © A — > End(y), where i/ is the 
multiplication by / G A, and bx is the contraction operator by the vector field 
X G g, defines a structure of a (g, A)-complex on J7. Hence, by Proposition 2.11, 
we get a 0-rigged representation of the Lie algebroid (g, A) on the complex i7, 
where Lf is the multiplication by —df in the algebra Q, for / £ A^ and Lx is 
the Lie derivative by the vector field X £ q. 



2.3. Gerstenhaber (— odd Poisson) algebras. Recall that, given a commutative 
associative algebra A, and an A- module structure on a vector superspace V , the 
symmetric, (respectively exterior) superalgebra ^^(V) (resp. Aa(^)) ^^ defined 
as the quotient of the tensor superalgebra Ta[V) by the relations u ®a v — 
{-IYMp^^)v®au (resp. u®AV + {-lY^''^P'''''^v(i)Au). Note that SA{nV) is the 
same as /\a ^ ^^ ^'^ A- module (but not as a vector superspace). 

Definition 2.13. A Gerstenhaber algebra (also known as an odd Poisson alge- 
hv&) is a vector superspace Q, with parity p, endowed with a product A : Q®Q ^ 
Q, and a bracket [•,•]: Q ® Q ^>- Q satisfying the following properties: 

(i) {Q, a) is a commutative associative superalgebra, 
(ii) {LIQ, [•, •]) is a Lie superalgebra, 
(iii) the following left Leibniz rule holds: 

[X, Y hZ] = [X,Y]AZ + (-l)(p(-Y)+I)p(y)y ^ ^x, Z] . (2.2) 
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From the left Leibniz rule (2.2) and skewcommutativity, we get the right Leibniz 
rule: 

[X AY,Z]^X A [Y, Z] + (-l)PC*')(p(^)+i) [X, Z]AY. (2.3) 

Proposition 2.14. Let (g, A) be a Lie superalgebroid. Then there exists a unique 
structure of a Gerstenhaber algebra on the super space Q = SAiLIg), with parity 
denoted by p, where the commutative associative superalgebra product A on Q 
is the product in the symmetric superalgebra 5^1 (iTg), and the Lie superalgebra 
bracket [•, •] on LIQ , called the Schouten bracket, extends inductively that on the 
Lie superalgebra g k LI A from Example 2.6 by the Leibniz rule (2.2). 

Proof. The symmetric superalgebra Sa{LIq) is defined as the quotient of the 
tensor superalgebra T{ng © A) by the two-sided ideal /C generated by the rela- 
tions 

{i)a®b= (-1)P('^)P(6)6 ®a, a,b£ng(BA, , . 

{ii)f®X^fX, feA,X€ng. ^^■*> 

Therefore, in order to prove that the Schouten bracket is well defined, we need 
to do three things. First, we check that its inductive definition preserves associa- 
tivity of the tensor product, so that we have a well-defined bracket on the whole 
tensor algebra, [-,-]'■ nTiHg ® A) x LITillQ ® A) ^ 11 SAiLIg). Second, we 
argue that, in order to prove that K, is in the kernel of this bracket, it suffices 
to show that it preserves relations (2.4)(i) and (ii). Finally, we prove that these 
relations are indeed preserved. 

We start by defining a bracket [•, -f : LITillg ® A) x LIT {II g ® A) ^ 
nSA{LIg), such that its restriction to g © ILA coincides with the given Lie 
bracket on g k ILA. We do it, inductively, in three steps. First we extend it to a 
bracket [■, -f: {g®LLA) x IIT{LIg®A) -> 7TT(7Tg® A), by the left Leibniz rule 
(2.2) with A replaced by ® and [•, •] replaced by [•, -y. To prove that this map is 
well defined we check that the left Leibniz rule preserves the associativity rela- 
tion in the tensor algebra. Indeed, both [X, Y®{Z® VP")]~and [X, {Y®Z)® Wy 
are equal to 

[X, YY® z®w + (-i)(p(^)+i)pc>")r ® [X, zy® w ,„ ^. 

+(„i)(p(x)+i)(p(y)+p(z))y ^z®[x, wy. ^ ^^' 

We then further extend it to a bracket [•, •]~: nT{LLg ® A) x IIT{LLg ® A) ^ 
nT{IIg(BA), by the right Leibniz rule (2.3), with the same changes in notation. 
Again, we prove that this map is well defined by checking that the right Leibniz 
rule preserves associativity. Indeed, both [X®(Y®Z),W)y and [{X®Y)®Z, Wy 
are equal to 

x®Y®[z, wy+ {-i)piz){p{w)+i)x ® [Y^ wy® z 

+(-i){p(Y)+p{zmp{w)+i) [x^ wy® Y®z. ^ ^^> 

Finally, we compose the bracket [•, -^with the canonical quotient map LIT [LI g® 
A) — > nSA{LLg), and we keep the same notation for the resulting map: [•, -f: 
IIT{LIg®A) X LIT [LI g® A) -> IISA{LIg). We claim that this map satisfies both 
the left and the right Leibniz rules. The right Leibniz rule holds by construction, 
while for the left one we have to check that, when computing [X ® Y, Z ® W], 
we get the same result if we first apply the left Leibniz rule and then the right 
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one, or vice versa. As the reader can easily check, the results are not equal in the 
tensor algebra, but they become equal after we pass to the symmetric algebra. 
Next, it is immediate to check that the bracket [•, -fpreserves the relations 

(2.4) (z) and (m), namely, the differences between the LHS and RHS in both 
relations lie in the center of this bracket. This allows us to conclude, recalling 

(2.5) and (2.6), that two-sided ideal /C C T{IIq © A) generated by the relations 
(2.4)(i)and (m) is in the center of the bracket [•, -JT Hence it factors through a 
well defined bracket [•, •] : S'yi(7Jg) x ^^(TJg) — > SA{ng) satisfying both the 
left and the right Leibniz rules (2.2) and (2.3). Using this it is easy to check, 
by induction, that the bracket is skewcommutative, and after that, again by 
induction, that it satisfies the Jacobi identity. 

D 

Remark 2.15. If g is a Lie superalgebra with parity p, the corresponding parity 
p in the Gerstenhaber algebra G = SA{ng) is 

p(Xi A • ■ • A X™) = p{Xi) + ■■■+ p{Xm) + m , (2.7) 

and the parity p of the Lie superalgebra UQ is 

p{Xi A • • • A X„) = p{Xi) + • ■ • + p{Xm) + m + 1 . (2.8) 

One derives from the left and right Leibniz rules (2.2) and (2.3) explicit formulas 
for the Schouten bracket between two arbitrary elements of the Gerstenhaber 
algebra Q. For f E A and X = Xi t\ ■ ■ ■ A X^ € G, with Xi e g, we have 

[/, Xi A • • • A X^] = (-l)P(Xi)+...+p(X„)+™[^^ A • • • A X„, /] 

(2.9) 
= ^(-l)P(^i)+-+P(^-i)+'X,(/)XiA •?• AX„ , 

while for X = Xi A • • • A X„, Y = Yi A ■ ■ ■ AYn e G, with X,, Yj G g, we have 



[Xi A • • • A X„„ n A • • • A y„] 

m n . . 

= 5m(-i)'"^'''''^[^»'^j] ^^1^ • •• AX„ AyiA •'-• Ar„ , 



(2.10) 



where 

Si 



(X, Y) = {p{Xi} + 1) {p{Xi) + ■■■+ p(X,_i) + 1 + 1) 

+{PiY,) + 1) (p(ri) + • • • +p(r,_i) + J + 1) 

+p{Yj){p{Xi)+ •:• +PiX^) + m + 1) . 
In particular, if g is a Lie algebra, then Sij{X, Y) ~ i + j. 
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2.4- Representations of a Gerstenhaber algebra. 

Definition 2.16. A representation of a Gerstenhaber algebra Q with parity p on 
a superspace V is a module structure over the commutative associative superal- 
gebra (Q, A), denoted by l. : ^ ig) V — >■ V, X €5 w H> tx(w), and called contraction, 
together with a module structure over the Lie superalgebra (iJCy, [•, •]), denoted 
by L. : t/ (g) 1/ — >■ y, X ® u I— >■ Lx{v), and called Lie derivative, such that the left 
Leibniz rule is preserved: 

[Lx, iv] ( = LxiY - (-l)(P(^)+^)''(^).yLx) = i[x,Y] ■ (2.11) 

For example, letting ix = ^A and Lx — adX, we get a representation of a 
Gerstenhaber algebra Q on itself, called its adjoint representation. 

Remark 2.17. Note that a representation of a Gerstenhaber algebra [Q, A, [•, •]) 
on V is the same as a rigged representation of the Lie superalgebra [IIG, [•,•]) 
such that the rigging X i— >■ tx is a representation of the associative superalgebra 

(^,A). 

Theorem 2.18. Let {q,A) be a Lie superalgebroid, and consider the Gersten- 
haber algebra Q = Sa{LIq), with parity p. Then any e-rigged representation of 
the Lie superalgebroid (g. A) on a vector superspace V , extends uniquely to a rep- 
resentation of the Gerstenhaber algebra Q on V such that, for every X,Y £ Q, 
the following e-right Leibniz rule holds: 

LxAY^ixLY + {-ir^'''>LxLY-e{-ir('''>L[x,Y] 

( = cxLy + {-ir(^)p(yhyLx + (1 - e){-ir(^h[x,Y]) ■ ^^-^^^ 

Proof. Since the contraction t. : t/ — > End(F) is a representation of the com- 
mutative associative superalgebra (5, A), and it extends the rigging of the rep- 
resentation of the Lie superalgebra g k LI A on V, it is forced to be given by the 
following formula: 

tXiA---AX,„ ~ i-Xi ■ ■ ■ i-Xr,, , (2.13) 

for all Xi, . . . ,Xm G g. It is immediate to check, using the assumptions that 
Lfx = ifix for a\\ f & A, X G g, and [ia, tb] = for ah a,b £ LIq © A, that the 
contraction map is a well-defined representation of the commutative associative 
superalgebra (^, A). 

By assumption, the Lie derivative L. : LIQ — > End(V^) is defined by extending, 
inductively, the representation of the Lie superalgebra g k LI A on V , using 
equation (2.12). In order to prove that the map L. is well defined, we proceed as 
in the proof of Proposition 2.14. First, we define a map L. from the tensor algebra 
T[LIq © A) to End(F) (which reverses the parity), extending L. : q® LI A -^ 
End(F), inductively, by saying that Lx^y is given by the RHS in (2.12). By 
applying (2.12) twice, we get that both Lx^(y®z) and L(^x®y)(sz BJ:e equal to 

ixiyiz + (-l)P(^)^xiytz + (-l)P(^)+p(^)Zxiytz 

-e(-l)P(^)(.x.[y,z] + (-l)^(^)^[x,y]^z + (-l)^(^)''(^).r^[x,z]) , ^ ^ ^ 

proving that L. preserves the associativity relation for the tensor product. Above 
we denoted, by an abuse of notation, the lifts of the contraction map and the 
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Schoutcn bracket to the tensor algebra T{nQ © A) by l. and [•, •] respectively. 
Hence L. is a well defined map: T(iT0 ® A) — > End(y). Moreover, the fact 
that L. preserves the defining relations (2.4) (i) and (ii) is encoded in the as- 
sumption that V is an e-rigged representation of the Lie superalgebroid {q,A). 
More precisely, for the relation (2.4)(i) with a = f,b = g € A, we have that 
Lf^g = ifLg + Lfig, whlch is the same as Lg^f thanks to condition (i) in Def- 
inition 2.7(b) and the fact that L/ and Lg commute. For a = X,b = Y E g, 

we have Lx^y - (-l)PWP(^)Ly«x = [i.Y,iy] + (-1)p(^)[Ly, ty] - e{L[x.Y] + 

(— l)-'^"'"'^P'^'''^)+^^'^P'^^^+^''t[yx]), and this is zero by the definition of e-rigged repre- 
sentation and by the skewcommutativity of the Lie bracket on q. Finally, when 
a = XEQ, b = fEA, we have that both Lf^x and Lx(g,f are equal to 
ifLx + {—^y^'^'LfLx — eLx(f), thanks to the assumption that [Lx, i/] = i'X{f)- 
Moreover, this expression is equal to L/x, by condition {Hi) in Definition 2.7(b), 
thus proving that L. preserves the relation (2.4)(m). What we just proved al- 
lows us to conclude that two-sided ideal /C C T{ng A) generated by the 
relations (2.4) (?) and (ii) is in the kernel of L. (this is not immediate since L. 
is not a homomorphism of associative algebras). Indeed, both the contraction 
map t. and the Schoutcn bracket [•, •] are defined on the symmetric supcral- 
gebra SAiUg), and hence, when lifted to the tensor algebra T{ng ® A), they 
map the ideal K. to zero. Therefore it is clear, from the expression (2.14) for 
Lx^Y^z, that K. is in the kernel of L.. Hence L. factors through a well defined 
map L. : S'a(7T0) -^ End(T/). 

To complete the proof we have to check that the pair {l.,L.) is a Gerstcn- 
haber algebra representation. By assumption the left Leibniz rule (2.11) holds 
for X,Y G Uq © A. Therefore, in order to prove (2.11) by induction, we note 
that, 

[Lx.iYAz] = [Lx,iYiz] = [Lx,iy]iz + (-l)(''(^'+^'P(^'ty[Lx,iz] 
- Hx.Y]iz + (-l)(P(^)+^)^(^^iyt[;,.^] - nx^YAZ] , 

for all X,Y,Ze Q such that F, Z have degree at least 1, and 

\LxAY,iz] = [ixLY + {-iy^^^LxiY-e{-iy^^\^x.Y],iz] 
- ix[LY, Lz] + (-l)P(^)(p(^)+i)[ix, lzVy 

= iXi[Y.Z] + {~iy^''^^^^^^ + ^^i[X,Z]iY = i[XAY,Z\ , 

for all X^Y^Z E Q such that X, Y have degree at least 1. In the computations 
above we used the inductive assumptions, formula (2.12), and the commutation 
relation [tx, ty] = 0. 

Finally, we use the above results to prove, by induction, that L. : IIQ — >■ 
End(F) is a Lie superalgebra homomorphism: [Lx,Ly] = L^x,y] f*-"^ ^^^ X,Y G 
IIQ. If both X, Y are in g © IIA, this holds by assumption. Moreover, by skew- 
commutativity, it suffices to check the homomorphism condition for X, Y A Z^ 
where both Y and Z have degree greater or equal than 1: 

[Lx,Lyaz] = L[x,YAZ] ■ (2-15) 



Calculus structure 11 

The LHS of (2.15) is, by inductive assumption, 

= [Lx, iY]Lz + {-l)M^)+^)p(y'hY [Lx.Lz] + {-If^^^ [Lx.LyVz 

+(_i)P(^)+(pW+i)(p(mi)£^[L^,,^]_,(_i)P(2)[£^,,j^,.j] 

= i[x.Y]Lz + (-l)(''(^)+^)P(^)iFi[x.z] + {-ly^^^ L^X.Y]iZ 

Similarly, the RHS of (2.15) is 

L[x,Y^z] = L[x.Y\r\Z + i-'^) '^'^' ' Ly r\[x,z] 

= i[x,Y]Lz + (-l)P(^'i[x,y]iz - e{-l)P(^h[[x,Y],z] 

+ („l)(p(^)+i)p(^)(,^ij^ ,.j + (-l)^(^)+(^(^)+^)iy.[x,z] 

'ei-ir(^)+p(^^+h[Y,[x,z]{ 



Equation (2.15) now follows by the Jacobi identity for the Schouten bracket. 

D 

Remark 2.19. One can show that among all possible expressions for Lx/\y of the 
form 

glxLy + BlyLx + cLxly + (ILylx + et[x,F] , 

with a, b, c,d,e^ F, only those given by (2.12) satisfy the left Leibniz rule (2.11), 
and therefore give rise to a representation of the Gerstenhaber algebra 5*^1(710). 

Example 2.20. The adjoint representation of the Gerstenhaber algebra 5a( Jg) 
on itself, satisfies the e- right Leibniz formula with e = 1. 

In the next subsection we will see how to construct representations of the 
Gerstenhaber algebra ^^(-fffl) satisfying the e-right Leibniz formula with e = 0, 
starting from a (g, A)-complex and using Cartan's formula. 

Example 2.21. If a Lie superalgebroid (fl,^) is such that the action of g on A 
is trivial, then every ep-rigged representation of {q^A) on a vector superspace 
y, for some eq, is automatically e-rigged for all e. Hence, by Theorem 2.18, we 
automatically get in this case a family of representations of the Gerstenhaber 
algebra Q = SA^nQ) on V, depending on the parameter e, which satisfies the e- 
right Leibniz formula (2.12). In particular, in this case, the adjoint representation 
oi Q = 5^1 (TTg) on itself admits a 1-parameter family of deformations. 

Remark 2.22. Using the e-right Leibniz rule (2.12) and recalling the relation 
(2.7) for the parity in Q — S'^(iT0), one can find an explicit formula for the Lie 
derivative Lx, for an arbitrary element X ^ Xi A ■ ■ ■ A Xm with X; G g: 

m 

Lx = ^(_i)p(^.+i)+-+p(^™)+"+V;,, . . . ix.^^Lx^ix.^, ■■■ix^ 

'=1 J (2.16) 

_£ ^ (-l)*"^''^txi---i[x.,x,]---ix„, 



l<2<j<m 



where 



U,{X) = p{X,+i) + ■■■+ p{X^) + m + i 
+ {P{X,) + 1) {p{X,+i) + ■■■+ PiX.^i) +i + j + l) 
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Using the second formula in (2.12) one can get a different expression for Lx, 
which in the case e = 1 gives 

m 
i=\ 

We will use formula (2.16) in the special case when g is a Lie algebra and e = 0. 
In this case it reads 



Y,{^\T^\x, ■ ■ ■ ox,^,Lx,ix.+, ■ ■ ■ ix„, (2.17) 



^x 



2.5. Calculus structure on a complex. 

Definition 2.23. A calculus structure of a Gerstenhaber algebra Q on the com- 
plex {f2, d) is a representation of the Gerstenhaber algebra Q on the vector super- 
space n, denoted by l. : ^ — > End(J?), L. : UQ — > End(i7), satisfying Gartan's 
formula (2.1). Often we will denote this calculus structure as the pair {Q,f2). 

Remark 2.24- Given a Gerstenhaber algebra Q and a complex (i7, d), in order to 
construct a calculus structure of Q on i7, it suffices to define a representation o. 
of the associative superalgebra (Q, A) on the supcrspace il, satisfying 

[[Lx,d],LY] = i[x.Y] > for all X,Y eg , 

and to define the Lie derivative Lx by Gartan's formula. This follows from 
Lemma 2.2. 

Note that a ^-complex, for the Gerstenhaber algebra G, is automatically a 
il^-complex, for the Lie algebra UQ (and hence for any subalgebra g C UQ). 
The following result can be viewed as a converse statement: to any g-complcx, or 
more generally to any (g, A)-complex, {Q,d), we associate a calculus structure 
of the Gerstenhaber algebra Q — SA{nQ) on i7. 

Theorem 2.25. Let {q, A) be a Lie superalgebroid. Then any {g, A)-complex 
(J?, d) extends uniquely to a calculus structure of the Gerstenhaber algebra Q = 
SA{ng) on the complex {f2,d). Moreover, the contraction t. and the Lie deriva- 
tive L. of this calculus structure satisfy the 0-right Leibniz rule (2.12). 

Proof. By Proposition 2.11, we have a 0- rigged representation of the Lie super- 
algebroid (g, A) on n, satisfying Gartan's formula [ta, d] = La for all a S qQUA. 
By Theorem 2.18, this further extends to a representation of the Gerstenhaber 
algebra G = 5a (^g) on i? satisfying the 0-right Leibniz rule. To prove that 
this representation is indeed a calculus structure, we only have to check that 
Gartan's formula (2.1) holds for every X € G. We already know that it holds for 
X e TTg © A, and we have, by induction, 

[iX^Y,d] ^ [ixiy^d] = Lx[iY,d] + {-iyP^^'>[Lx,d]LY 

= ixLy + (-l)P(^)Lxiy = Lx^Y ■ 

In the last identity we used the 0-right Leibniz rule (2.12). Uniqueness of the 
extension is clear, since l. extends uniquely to a representation of the associative 
algebra (5, A), and L. is given by Gartan's formula. 
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Example 2.26. Recall from Example 2.12 that the de Rham complex {Q,d) car- 
ries a structure of a (g, A)-complex, where A is the algebra of smooth functions 
and is the Lie algebra of smooth vector fields on a smooth manifold AI . Hence, 
by Theorem 2.25, this extends uniquely to a calculus structure {Q,Q), where 
Q is the Gerstenhaber algebra 5*^(770). The contraction by a poly vector field 
X = Xi /\ ■ ■ ■ /\ Xm is ix = i-Xi ■ ■ ■ i-x , and the Lie derivative by X is given by 
(2.17). 

Remark 2.27. Note that both Cartan's formula (2.1) and the compatibility con- 
dition (2.11) differ by a sign from those in [DTT]. The reason for this change is 
that, as defined in [DTT], a calculus is not a representation of the Gerstenhaber 
algebra Q. Also, in [DTT] the definition of a calculus includes the 0-right Leibniz 
rule (rather a different version of it by a sign), which is of course superfluous 
since it is equivalent to the following trivial identity: 

[iXt-Y,d] = Lx[LY,d] + {-l)P(^^'>[Lx,d]LY. 



2.6. Z^-graded calculus structures. Usually, a complex (12, d) is endowed with a 
Z+-grading i? = ®„gz J^", such that d{f2"^^) C i7". A Gerstenhaber algebra 
Q is called Z+-graded, with grading Q = 0„gz+ ^"' i^ ^™ ^ ^n ^ Qm+n and 
[QrmQn] C Qm+n-1- A Z+-graded calculus structure of a Z+-graded Gersten- 
haber algebra Q on a, Z+-graded complex is, by definition, a calculus structure 
such that t(g™ X r?") C /?"-™ and L{g^ x /?") C 12""™+!. 

Example 2.28. If (g. A) is a Lie superalgebroid, then SA{ng) is a Z+-graded Ger- 
stenhaber algebra with the usual Z+-grading of the symmetric algebra. More- 
over, suppose we have a (g, A)-complex (i7, d), such that (i7, d) is a Z+-graded 
complex, and 6/(12") C 12" for all f £ A and tx(^") C ^""^ for all X e Hg. 
Then the corresponding calculus structure {SA{ng), f2) given by Theorem 2.25 
is Z+-graded. 

Remark 2.29. Given a Z-graded vector superspace V = 0„gx^", with parity 
p and degree deg, we let UV be the Z-graded vector superspace with opposite 
parity: p{v) = p{v) + T, and with degree shifted by 1: deg(w) = deg(v) + 1. In 
other words, nV = 0„gz(i71^)", where (TTF)" = 7T(y"-i). Using this nota- 
tion, if (/?, d) is a Z-|_-graded complex, it means that d is a parity preserving 
linear map of degree zero from i7 to Uil. Moreover, if we have a Z-|_-graded 
Gerstenhaber algebra Q = 0„g2 Gm we consider it as a Z_-graded super- 
space Q = 0„g2 ^"' ^y letting tj" — tj_„. With this notation, (5, A) is a 
Z_-graded commutative associative superalgebra, and {Iig, [•, •]) is a Z_-graded 
Lie superalgebra. Moreover, in a Z_|.-graded calculus structure {Q, il), both the 
contraction map l. : Qx Q ^ Q and the Lie derivative L. : IIQ xQ ^ Q become 
parity preserving maps of degree zero. 
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2. 7. Morphisms of calculus structures. 

Definition 2.30. A morphism (t/, i?) -^ {Q',fi') of a calculus structure {Q,f2) 
to a calculus structure {Q',f2') is a Gerstenhaher algebra homomorphism <P : 
Q' — >■ Q, together with a homomorphism of complexes ^ : Q ^ Q' , such that, 
for X' G Q' and uj £ Q, we have 

tA" f (w) = f (t*(X')w) . (2.18) 

Note that, by Cartan's formula, equation (2.18) holds if the contraction i. is 
replaced by the Lie derivative L. . 

A morphism of Z+ -graded calculus structures is one that preserves the Z+ - 
grading s. 

Example 2.31. Let 5 be a Gerstcnhaber algebra with a calculus structure on 
the complex (]7, d). Let d be an even endomorphism of the superspace fi, such 
that [d,5] = 0. Let g^ = {X G ^ | [tx,9] = O} C 0. Notice that, by Cartan's 
formula, [Lx,d\ = for all X £ Q^ .li follows that Q^ is a subalgebra of the Ger- 
stcnhaber algebra {Q,/\, [•, •]), and that {dfl,d) is a subcomplex of {il,d), such 
that on is a submodule over the Gerstenhaher algebra Q^ . We can thus con- 
sider the quotient ^^-module fl/dfl. This defines an induced calculus structure 
of the Gerstenhaher algebra Q^ on the complex [fi/dQ^d), which is called the 
reduced calculus structure. We have the obvious morphism of calculus structures 
{Q, Q) — !> [Q^ , fi/dQ) given by the inclusion map oi Q'^ -^ Q and the quotient 
map fi — > fi/dfl. 

3. Calculus structure on the Lie algebra complex 

3.1. Discrete case. Let g be a Lie algebra and A a g-module, endowed with 
the structure of a unital commutative associative algebra, on which g acts by 
derivations. By Example 2.5, we have a Lie algebroid {A ® g, A). Hence, by 
Proposition 2.14 and Example 2.28, we have a Z+-graded Gerstenhaher algebra 
^^(-//(^(gjg)), which we denote by Z\, = A,{q,A) = 0^^^ Z\/j(g,yl). Note that 

we have the canonical isomorphism Z\,(g, A) — A® S{nQ) = A (g) /\ g (the latter 
identity is only of vector spaces, not superspaces, and A® /\q is considered as a 
vector superspace with induced Z/2Z-grading). We shall call this the superspace 
of chains. 

Dualizing, the superspace of cochains is the Z+-graded vector superspace 
Z\'(g,A) = HomA(/\.(g, A),yl) = 0^.^^^ zi'=(g, A), where the fc-th compo- 
nent is A''{g,A) = Hom^(Z\fe(g, A), A). Again, this is the same as the tradi- 
tional definition due to the canonical isomorphism of vector spaces A''{q,A) = 
RoiRAiA ® /\' Q,A) = RouiwiA 01 ^)- Again, we consider the latter as a vector 
superspace with induced Z/2Z-grading. The superspace A*{q, A) is a Z+-graded 
complex with differential d : Z\*(g, A) — > Z\*(g, A), defined by the usual formula, 
see e.g. [F] {X, e g): 

k+l 

{dw){X^ A • • ■ A Xfe+i) = ^(-l)'+iX,(w(XiA '■■ ^Xk+l)) 

^ .,. ''^' . . (3-1) 

i<3 
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We next define a structure of a {A(E) g, ^)-complex on {A*{g, A),d), see Def- 
inition 2.9(b). For f & A, we let lj & F,nd{A*{Q,A)) be the multiplication by 
/, given by the obvious left ^-module structure on A'{q,A) = HomF(A0j^)- 
For X G 0, we let the contraction operator lx ■ A''{g,A) -^ A'^~^{q,A) = 
Honi][r(/\ ~ g,A), he zero for fc = 0, and, for A: > 1, be given by 

{Lxio){Y) ^ io{X AY) , YgA'-'b- (3-2) 

We then use Cartan's formula (2.1) to define, for / ^ A, Lf : Z\''(g,A) -^ 
A''+^{g,A), and, for X e g, Lx : A''{g,A) -^ A''{g,A), k G Z+. We have 
{X, e q): 

k+l 

{LfLo){X^ A ■ ■ • AXfc+i) = Y.i-'^YMfMXiA ■'■■ AXfc+i) , 

{Lx^){Xi A---AXk)= X^LuiXi A • • • A Xk)) (3.3) 

fe 

-^cj(XiA---[X,X,]-.-AXfe+i). 

Theorem 3.1. (a) The operators lj, f (z A, and lx, X E q, define a structure 

of a {A (^ Q, A) -complex on {A*{g,A),d). 
(h) This extends uniquely to a Z_|_ -graded calculus structure of the Gerstenhaber 

algebra Z\,(g, A) on the complex Z\*(g, A). 

Proof. First, we check that the contraction maps lx, X E g, define a structure 
of a g-complex on A*{q, A). This is straightforward, using the second formula in 
(3.3). Then, in order to prove that we have a structure of a [A® g, A)-complex 
on (Z\*(g,yl), d), it suffices to check conditions (i), {ii) and (iii) in Lemma 2.10. 
Condition (i) is clear, condition {ii) follows from the first formula in (3.3), and 
condition {Hi) follows from the second formula in (3.3). This proves part (a). For 
part (b), by Theorem 2.25 the structure of a {A®q, A)-complex on (^*(g, A), d) 
extends to a calculus structure {A,{q, A), A'{q, A)), and, by Example 2.28, this 
calculus structure is Z-|_-graded. 

D 

It is not hard to find a general formula for the contraction operator and the 
Lie derivative for an arbitrary element f®X = f® XiA---A Xh E A® f\ g = 

Ah{Q,A). Let uj G A'^{q,A) = HomF(A'' g,^). Ii h < k and Y G A'^^'^B, we 
have, from (2.13), 

{Lf^xuj){Y)^{-l)''^^fLo{XAY). (3.4) 

If /i < /c + 1 and y = Xh+i A • ■ • A Xk+i G a''^^"'' 0, we have, from (2.17), 

{Lf^x^){Y) = (-1)^^^ f Y. i-^rX,{f)cu{X^A ■-■■ AXfc+i) 

h 

- Y,{-lYfX,{u{X^A ■ -■ ■ AXfe+i)) (3.5) 

h k+l 

+ Y.Y1 (-l)7^(^iA-^-A[X„X,]AX,+i) 

i=l j=i+l 
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3.2. Linearly compact case. In this subsection wc shall assume that g is a Lie 
algebra with a linearly compact topology, acting continuously by derivations 
on a unital commutative associative algebra A, with discrete topology. For a 
definition of linearly compact space and relevant properties which we shall use, 
see e.g. [G,CK]. 

Recall that a linear topology on a vector space V over F is a topology for 
which there exists a fundamental system of neighborhoods of zero, consisting of 
vector subspaces of V. A vector space V with linear topology is called linearly 
compact if there exists a fundamental system of neighborhoods of zero, consisting 
of subspaces of finite codimension in V and, in addition, V is complete in this 
topology (equivalently, if 1^ is a topological direct product of some number of 
copies of F with discrete topology) . If (/3 : V^ — )► [/ is a continuous map of vector 
spaces with linear topology and V is linearly compact, then (p{V) is linearly 
compact. The basic examples of linearly compact spaces are finite-dimensional 
vector spaces with the discrete topology, and the space of formal power series 
l^[[xi, . . . ,Xm]] over a finite-dimensional vector space V, with the topology de- 
fined by taking as a fundamental system of neighborhoods of the subspaces 

Wi ■ ■ ■ xi^V[[xi, ■ ■ • ,a;„]]}(il,...J„)ez-• 
Let U and V be two vector spaces with linear topology, and let IIomp(J7, V) 
denote the space of all continuous linear maps from U to V. We endow the 
vector space IIom5f([/, V) with a "compact-open" linear topology, the funda- 
mental system of neighborhoods of zero being {f2K,w}, where K runs over all 
linearly compact subspaces of U, W runs over all open subspaces of V, and 
^K,w = {f & Homj5.(C/, V) I (p{K) C W}. In particular, we define the dual space 
of y as 1/* = IIomp(l/, F), where F is endowed with the discrete topology. Then 
V is linearly compact if and only if V* is discrete. Note also that a discrete 
space V is linearly compact if and only if dimT^ < oo. The tensor product of 
two vector spaces U and V with linear topology is defined as 

U®V = Rom^iU* ,V) . 

Thus, U§)V = U ®V a both U and V are discrete and U(^V = (U* V*)* 
if both U and V are linearly compact. Hence the tensor product of linearly 
compact spaces is linearly compact. 

We can construct a "topological" calculus structure {A,{q,A),A*{q,AJ), as- 
sociated to the Lie algebra g and its representation on A. 

We let A,{q,A) = 0,,g2;^ Ahi3,A), where Ahis^A) = A(g,AQ, where A 'fl 
is the quotient of g®'' by the usual skewsymmctry relations. Clearly A,{q,A) 
is a subspace of A,{q,A), and its Gerstenhaber algebra structure, given by the 
wedge product and formulas (2.9) and (2.10) for the Lie bracket, extends by 
continuity to the whole Z\,(g, A). 

Next, we let A'{q,A) = 0^^^^ ^'^(fl, A), where 4^(g, A) = Hom;p(A^g, A). 

A /C A '^ A ^ 

Since /\ g is dense in A 0: a continuous linear map from A g to A is deter- 
mined by its restriction to A 0- Hence, we can view A'{q,A) as a subspace 
of A'{q,A). One easily checks that the differential d on A'{g,A) leaves this 
subspace invariant, giving it a structure of a Z+-graded complex. 

Finally, it is easy to check that the calculus structure {A,{q,A),A'{q,A)) 
extends, by continuity, to a well defined calculus structure {A,{q, A), A*{q, A)), 
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and the inclusion maps A,{q,A) — !► A,{g,A), A*{g,A) -^ A'{g,A), define a 
morphisni of calculus structures. 

4. Calculus structure on the Lie conformal algebra complex 

4-.1. Preliminaries on Lie conformal algebras and their modules. In this section 
we review basic properties of Lie conformal algebras and their modules, following 

[K]. 

Definition 4.1. A Lie conformal algebra R is an ¥[d]-module equipped with a 
A-bracket, that is an V -linear map R® R -^ F[A] ® R, denoted a ® h ^-^ [^xb], 
satisfying the following relations (a, b,c Cz R): 

(sesquilinearity) [i9aA&] = — A[aA6] , [oa^^] = (9 + A)[aA&], 

(skewcommutativity) [a\h] = ~\b-\-Qa], where d is moved to the left, 
(Jacobi identity) [oAi^^c]] - [fe^[aAc]] ^ [[axb]\+^j,c]. 

One writes [flA^] = X^^gz T" {^(j)^)' 'where the sum is finite; the bilinear prod- 
ucts a(j)6 are called j*^-products. 

Definition 4.2. A module M over a Lie conformal algebra R is anV[d\-module, 
with action of d denoted by d^^ , endowed with a X-action R (E) M ^ F[A] (E) M , 
denoted a® m ^-^ o,\m, such that 

(i) {da)\m = —\a\m, ax{d^^m) = {d^^ + \){axm). 
(a) a\{b^m) - b^[axm) = [oa^Ja+^to. 

Remark 4-3. If i? is a Lie conformal algebra, then the torsion Tori? of the F[i9]- 
module R is in the center of the Lie conformal algebra R, and moreover its 
A-action on any i?-module M is trivial. Indeed, for a <S i? and P{d) € F[9], we 
have {P{d)a)x = P{-X)ax. Hence, if a € Tori?, i.e. P{d)a = with P 7^ 0, we 
get that oa = on any i?-module. 

Recall that the annihilation Lie algebra associated to the Lie conformal alge- 
bra R is 

Lie -R = R[[t]]/{d + dt)R[[t]], 

with the well defined Lie bracket 

[a„,6„]= ^ f . j(a(j)6)„+„_j , a,beR, m,neZ+, (4.1) 

where a„, n G Z+, denotes the image of at" in Lie„i?. Letting ax = X^nsz ^'^"' 
formula (4.1) is equivalent to [aA,&^i] = [o-xb]x+fj,, which is equivalent to the 
Jacobi identity. Moreover, the identity (9a)„ = — na„_i, which holds on Lie_ R, 
is equivalent to (9a) a — —Xax, which is the first sesquilinearity relation. Note 
also that, if a G Tori?, then ax = 0. This follows by the same argument as in 
Remark 4.3. 

The action of d on i? induces a derivation of the Lie algebra Lie_ i?, by 
9(a„) = {da)m which we still denote by 9, and we may consider the semidirect 
product Lie_ i? x F9. A module M over the annihilation Lie algebra Lie_ i?, 
or over the Lie algebra Lie_ i? x F9, is called conformal if, for any a G i? and 
V G M, we have a„(w) = for n sufficiently large. 
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Proposition 4.4. A module over a Lie conformal algebra R is the same as a 
conformal module over the Lie algebra Lie_ R x: ¥d. 

Proof. To give a vector space M a structure of an i?-module means to provide 
an operator d^^ on M and, for each a € i?, a sequence of operators a„, n S Z_|_, 
on Af , such that the map i? (g) Af — > F[A] A/ given by 

axv= V — -a„w, veM, (4.2) 

satisfies relations (i) and (ii) in Definition 4.2. But this is exactly the same as 
giving M a structure of a conformal module over Lic_ R xi ¥d, with d acting as 

D 

If the Lie conformal algebra R is of finite rank as an F[9]-module, then the 
Lie algebra Lie_ R can be endowed with a linearly compact topology. In fact, 
if we decompose R = (F[9] (g) C/) © Tor, where [/ is a finite dimensional vector 
space, then Lie_ i? is (non canonically) isomorphic to U[[t]] as a vector space, 
and it has the usual formal power series topology, which makes it a linearly 
compact Lie algebra. In this case, to say that a Lie_ i?-module M is conformal 
is the same as to say that it is a continuous module, when we endow it with the 
discrete topology. 



4-2. The Lie conformal algebra cochain complex (C'{R, M),d). For k G Z+, 
denote by F_[Ai, . . . , Xk] the space of polynomials in the k variables Ai, . . . , Afc 
with the F[9]-module structure obtained by letting d act by multiplication by 
-(Ai + ... + Afe). 

Let i? be a Lie conformal algebra and let M be an i?-module. We define the 
space of fc-cochains C^{R, M), k G Z^., as the space of F- linear maps 

c : R<»k _^ F_[Ai,...,Afe]®F[a]A/, 
ai (g) ■ ■ ■ (E) Ok f-^ CAi,...,Afc(ai,--- ,ak), 

satisfying the following conditions: 

(sesquilinearity) caj,... ,Afc(ai, ■ • ■ ,dai,--- , Ofc) = -AjCai,... ^aJoi, ■ • ■ ,ak), 
(skewsymmetry) CA^d,,... ,A<,(fc) (a<j(i), • • • ,a^(fc)) = sign(cr)cAi,... ,Afc(ai, • ■ • , Ofe), 
for all permutations a € Sk- 

For example, C"{R,M) = M/dM and C^R,M) = Homj-[a](i?, A/). We let 
C* {R, M) be the Z+-graded vector superspace ^kez ^'^ i^' ^^) ' '^i^^ the parity 
induced by the Z+-grading. 

We make C'{R,M) into a Z+-graded complex by letting the differential d : 
C''{R, M) -^ C'^+^iR, A/), fc e Z+, defined by the following formula: 

fe+i 
(dc)Ai,....Afc+i(ai,--- ,afe+i) =^(-l)''+^a,A,(c i (ai, • • •, Ofc+i)) 

'^^■-'-^^. (4.3) 

+ X! (^l)^^^*^ J {al,■■■[a^x^aj]■'■■,ak+l)■ 
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For example, if /w G M/dM ~ C^{R, M), we have (d/w) (a) = a\v ~ a_QMV G 
F_[A] ®F[a] M, where d^^ is moved to the left. Here, as usual in the variational 
calculus, jv denotes the coset of v in M/dM. 

Proposition 4.5. Formula (4.3) gives a well defined map d : C''{R,M) -^ 
C''+^{R,M), and d"^ = 0. Hence, C*{R,M) is a Z+-graded complex. 

Proof. This complex is a special case of a Lie pseudoalgebra complex, when the 
Hopf algebra is ¥[d]. Hence, this statement follows from the results in [BDAK, 
Sec. 15.1]. It also follows from [DSK], where the complex C*{R, M) is introduced 
in terms of poly-A-brackets (see Remark 4.6 below). 

D 

Remark 4-6. We can identify the space F_[Ai, . . . , Afc] ®F[a] M with the space 

F[Ai, . . . , \k^i]iS>M, by substituting Afe by A^ := -Ai Afc-i-^*^. Ahhough 

this identification is not canonical, it is often convenient in practical use, via the 
language of poly-A-brackets. Namely, a fc-cochain c G C''{R,M) is described 
as a k-\-bracket, i.e. a map c : R'^'' — > F[Ai, . . . , Afc_i] M, oi ® • • ■ ® Ofc i— )► 
{fliAi • ■ • afc-iAk_i«fc}c: satisfying 

(i) {ai;^^ ...(9aj)A, . . .ak^i^^_^ak}c ^ -Xi{aix-^ ■ ■ ■ ak-ix^_^ak}c for i < /c - 1, 
and {aix, . . . ak-ix^_,dak}c = -A^{ai;^^ • • ■ ak-ix^_,ak}c; 

(m) {0^(1);^^^^^ ■■■a„(^k-i)x^^^_^^a^{k)}c = sign{a){aix, ■ ■ ■ ak~ix^_,ak}c, o G S'fc, 
where A^ is replaced by A^ whenever it appears. 

In the language of poly-A-brackets the differential d : C^[R, M) -> C''+'^{R, M), 
for fc > 1, takes the form 

fc+i 

{aix^ . ..akx^ak+i}dc == ^(-1)^+^0^^; {aiai ' ' • afcA&afc+i}^ 
1=1 






J 



I /_^ (-l)^^H"lAi ■••[aiA.aj]A.+Aj ••• OfcAj^afc+l}^, 

l<i<j<k+l 

where, as before, we replace A^+i by Aj.,-^ whenever it appears. For example, if 
c G C^{R,M) = Hompfa] (i?,M), then {axh}dc = axc{h) -b^x-df^'cia) - c{[axb]). 

Remark 4.7. Following [DSK], define the subcomplex C'{R,M) C C'{R,M), 
consisting of the F-linear maps c : i?®*^ — ;• F_[Ai, • • • , Afc] <SiF[a] M, such that 
cai,-- ,Afc(ai, • ■ • life) = if one of the entries a^ is a torsion element in the 
F[a]-module R. Then C''{R,M) = C''{R,M) if k ^ 1, while C\R, M) = {c G 
C\R, M) = HomF[a](i?, M) \ c(Tor(i?)) = O}. For example, if R is of finite rank 
as an F[9]-module, and it decomposes as 

R = Tot{R) © {¥[d] (g) U) , ToiiR) = ^]F[d]/{P,{d)) , (4.4) 

i 

then C^{R,M) = HomF([/,Af), while C^{R,M) = (0, Ker(P,;(a) : M -^ 
M))©HomF(C/,M). 
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4-3. The space of chains Ct{R, M) and its Gerstcnhaher algebra structure. Let 
i? be a Lie conformal algebra and let M be a module over R endowed with the 
structure of a commutative associative algebra on which d^^ and a^ , a G R, act 
by derivations. 

For k G Z+, consider the algebra of formal power series Af[[a;i, . . . , Xk]] with 
coefficients in M. It is endowed with an F[(9]-module structure, with d acting as 
d^^ on coefficients, and with a A-action of R on M[[xi, . . . , Xk]], where a\ acts 
on the coefficients of the formal power series. Note that this is not an i?-module 
structure of R on M[[a;i, . . . , Xk]], since a\4> can be a formal power series in A, 
but it satisfies all other axioms of a module over a Lie conformal algebra. 

Let Mk C M[[a;i, . . . ,Xk]] be the subspace of series (j){xi, . . . ,Xk) such that 

{dxi H ^da;^)(j){xi,...,Xk) =d'^'<p{xi,...,Xk). (4.5) 

For example, Mo = {m & M \ d^^m = 0} = M^, and Mi = {e^^"m | m e M}, 
which is naturally identified with M. Note that the subspace Mk is not an 
i?-submodule. We have a natural action of the group of permutations Sk on 
iVf[[xi, . . . , Xfc]], which leaves Mk invariant, given by [a 6 Sk)'. 

{a(t)){xi,...,Xk) = (/«(x<^(i),...,a;<^(fc)). (4.6) 

Also, recall that we have a natural action of Sk on the space R®'^ given by 

cr(ai (g) • • • Ofc) = a^-i(i) (g, ... a„-^k) ■ (4-7) 

The space of k- chains Ck{R, M) is defined as the quotient of the space R®^ ® 
A4fc by the following relations: 

(sesquilinearity) ax® . . .dai • • • (g) a/j (g) + oi • • • ® a/c (g) (Sa;; </>) = 0, i = 1, . . . , fc, 
(skewsymmetry) a{ai g) • • • g) a^ g) 0) = sign(t7)ai g) • • • g) a/c g) </>, cr G Sk. 

For example, Co{R,AI) = Mo = M^ and, using the identification Mi = M 
described above, we have an identification Ci{R,M) — {R ® M)/d{R g) M). 
We let C. = C,{A,M) = ©fcgz+C'fc(A, A'/) be the Z+-graded superspace of aU 
chains, with parity induced by the Z_|_-grading. 

The wedge product on C, (i?,A/), which makes it a commutative associative 
Z+-graded superalgebra, is given by 

(ai g) • • ■ g) a/j g)0(xi,...,Xh)) A {uh+i g) • ■ • g) a^ (® '4>{xi, . . . ,Xk-h)) ^ g\ 
= ai (g) • ■ • g) afc g) (0(xi, . . . , x/j)V'(a;^+i, . . . , Zfc)) . 

It is immediate to check that the wedge product is well defined and it is as- 
sociative and commutative (in the super sense). For commutativity we use the 
skewsymmetry relation in Ck{R, M) where a is the permutation r^.k-h £ Sk 
exchanging the first k — h letters with the last h letters: 

/ 1 ■■■ k-hk-h + 1 ■■■ k\ .,_. 

^'^''^-'^=[h + l.-. k 1 ■■■h)- (4.9) 

To have a Gerstenhaber algebra structure on C,{R,A1) we are left to intro- 
duce a Lie superalgebra bracket on 7IC,(i?, M). In [DSK], it was shown that 
77 Ci = (i? (g) M)/d{R ® M) carries a Lie algebra bracket given by the formula: 

[a g) m, 6 g) n] = [agMb]^ g) mn -t- 6 g) {agMn)^m — a g) {bgMm)^n , (4.10) 
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where, df^ in the first summand denotes 9^^ acting only on the first factor m 
and the right arrow means that d^^ should be moved to the right. Motivated by 
formula (4.10) and by the definition of the Schouten bracket, we introduce the 
following bracket on C,{R, M): 



[ai® ■■■®ah® (/>(xi, . . . , x/i) , au+i 

h k 



<ak ^ip(xi,...,Xk-h)] 



i=l j=h+l 



y=Xi 



E(-i: 



h+i 



i=l 

k 



E(-i: 



®(j){xi, . . . ,Xh)\j}{xh+ir ■ ■ y ■■-.Xk-i)) 
ai® ■'■■ (gjflfc (g) [a^ dyi}{xh, ■ ■ ■ ,Xh-i))'i>[xxr ■ ■ V ■■■,Xh-i) 

ai® ■•• 0afe [ai ay4'{xi, . . . ,Xh))i'{xh+i, ■ ■ ■ V ■■■,Xk-i) 



y=o 



h+i 



i=h+l 



V=0 
(4.11) 

Here and further, by writing y, we mean that y is in place of the variable 
Xj, and the remaining variables xg, £ > j, are shifted to the right. For ex- 

j 
ample, in the first term of the RHS above, we have ijj{xh+i, ■ ■ ■ V . • ■ , Xk-i) ~ 

Tpixh+i, ■ ■ ■ ,Xj-i,y,Xj, . . . ,.Tfc_i). It is also clear that the bracket (4.11) coin- 
cides with (4.10) when h = k — h = 1. 



Theorem 4.8. Formulas (4.8) for the wedge product and (4.11) for the bracket 
define a structure of a Z^ -graded Gerstenhaber algebra on the space of chains 
C,{R,M). 



Proof. First, we need to prove that the bracket in (4.11) is well defined. It is 
straightforward to check that each term in the RHS of (4.11) lies in i?®'=-i (g) 
M.k-1- For the second and third term, one needs to use sesquilinearity of the 
A-action of i? on M. It is not hard to check that the sesquilinearity relations 
defining Ck{R, M) are preserved by the bracket (4.11), using the sesquilinearity 
of the A-bracket on R and of the A-action of R on M . For the skewsymmetry 
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relation, we have, for a £ Sh, 

[cr(ai (g) • • • ® a/i ® 0) , tth+i (g) • • • <X) flfc (g) V'] 

h k 

(J 

1=1 i=/i+i 



y=xi 



-E(-i; 



h+i 



<8>(ao-i(i)g -0(a;/i,--- ,Xfc_i))(CT(?!))(a;i, • • • 2/ • • • ,Xh-i) 



v=o 



i=h+l 

(8)(aia^^(a;^(i),--- ,a;o-(/j)))^(a;/i+i, • • • 2/ • • • ,a;fc_i) 



y=o 



It is not hard to check that the first term in the RHS of (4.12) is equal to 



(4.12) 



o-f ^ ^ {-iy''+^+^ai'Si---[aeQ^^aj]---ah<S>ah+i ■'■■ ®ak 

^ ^=1 j=h+l 

j 

(g)0(a;i, • • • , Xh)i'{xh+i, ■■■ y ■■■ , Xk~i) 

where we made the change of the summation index £ = a^^{i). Here we consider 
a G Sh SuS an element of 5*^-1 via the obvious embedding Sh C Sk-i- Likewise, 
the last term in the RHS of (4.12) is equal to 



erf ^ (-l)''+''ai ® •••a/i ®a,,+i ••• (g)afc 



i=h+l 



)(aia^(/)(xi,--- ,Xh))ip{xh+i,--- y ■■■ ,Xk-i) 



y=o 



We are left to consider the second term in the RHS of (4.12). Given a permuta- 
tion a Cz Sh and i = 1, . . . ,h, we define the permutation ct^ G 5/i_i as follows: 

a, : {1, . . . , /^ - 1} ^ {1, "■ • -'l h}^{l,-'-;h}^{l,...,h-l}, 

where the first map is the shift to the right by 1 of indices greater than or equal 
to a~^{i), and the last map is the shift to the left by 1 of indices greater than 

i 

i. Clearly, the element a„-i(^i-j® ■' ■ a^-i(^fi) <8> ah+i • • • ® at G R is obtained 

by applying the permutation cji G Sh~i C Sk-i to the element oi® •■•• <8>afe. 
Moreover, we have the obvious identity 

ai4>{xi,--- V ...,Xh-i) = {(T(J3){xi,---y...,Xh-i)), 
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where in the LHS Ui permutes only the variables xi, . . . ,Xh~i- These two facts 
together allow us to rewrite the second term in the RHS of (4.12) as 



Y^{-lf+'cjiiai® ■'■■ ®ak 



i=l 



'j{aa~^i)Q i^ixh, ■■■ , Xk-i))4'{xi,- ■ ■ y 



Combining the above results, and using the sign identity 

sign(a,) = (-l)^+"(^)sign(a), 



,Xh-l) 



v=o 



(4.13) 



we conclude that the RHS of (4.12) is equal, modulo the skcwsymmctry relation 
inCfc_i(ii',M),to 



sign(cr)[ai ■ • • a/i (g) (/), ah+i 



) Ofc (g) V'] , 



as required. The fact that the skewsymmetry relations in the right factor is also 
preserved can be proved similarly. In fact, this will follow from the skcwcommu- 
tativity of the bracket. This concludes the proof that the bracket (4.11) is well 
defined. 

Next, we prove that the bracket (4.11) is skewcommutative. We have, after 
some change in the summation indices. 



[ah+i ® ••• ® afc ® -0, oi '?>••• <8) a/i (g) (/)] 

h k 

= V" Y] (-1)*+M a/,+1 (8) • • • [ajg ai]---afc (g)ai ••• 

V ^j — h 

i=l j=h+l 

k-h+i 
®ll}{xi,...,Xk~h)4>{xk-h+l,--- y ...,Xfc_i) 



- ^ {-l)^+^ah+i® ■'■■ a,k®ai---®ah 

{ \ 3~^ 

®[ajQ (t>{xk-h,---,Xk-i))il}{xi,--- y ...,Xk-h) 



(4.14) 



y=o 



4=1 

(®{ajg 'ip{xi, . . . ,Xk^,i))(f'{xk^h+i, 



k — h^i 

y ■■■,xk-i) 



y=o 



Let us consider the first term in the RHS of (4.14). Skcwcommutativity of 
the A-bracket in R gives [a 



3d^ 



[o-i-drr. -d'^j]- Combining this with 



the sesquilinearity relation in Cfc_i(i?, M), we conclude that we can replace 



^Jd^ 



o-i] by —[dig aj]. We then observe that 



Qh+i ® • • ■ [lidyO-]] • • -Ofe ® oi • • • (giah = cr{ai (g) • ■ • [ttiQ^aj]- ■ ®ak) 
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where a G Sk-i is the fonowing permutation: 



a{i) 



Moreover, we have 



k-h + e a i = i,...,i-i 
j -h a i=i 

k-l-h + e if £ = i + l,...,h 

£-h + i a i^j,...,k~i 



,Xk-h)(t>{xk^h+ir ■ ■ y ■■■,Xk~i) 



a^-0(a;i,..., 

= <T(d'^.(l){xi, . . . ,Xh)i'{Xh+l,- ■ ■ y ...,Xk-l) ) ■ 

\ y=xi I 



y=xj-h 



Combining the above results, we conclude that the first term in the RHS of 
(4.14) is equal to 






®ak 



i=l j=h+l 

{xi, 



,xh)ip{xh+i.,---y ■■■,xk-i) ) 



Since sign((T) = (— i)(''+i)(fc-'»+i)+'»+i+«^ the above expression is the same, mod- 
ulo the skewsymmetry relation in Ck-i{R,M), as the first term in the RHS of 
(4.11) multiplied by (-l)i+(''+i)('=-''+i). Next, consider the second term in the 
RHS of (4.14). We have that 



a/i+i(^ • • • Ofe &$) ai • • • Q<5 a,j = Tk-h~i,h I oi® • • • <Sak] , 
where the permutation Tk~h~i.h G Su-i is defined in (4.9). Moreover, 
[a-jQ (t){xk-h,---,Xk-.i))il}{xi,--- y ...,Xk-h) 

y y=0 

= rk-h-i,h{{a]g <p{xi,---,Xh))ilj{xh+i,--- y ■■■,Xk-i) ) 

\ y y—O/ 



Combining the above results, we conclude that the second term in the RHS of 
(4.14) is equal to 



j=h+i 

^{ajg (l){xi,...,Xh))il^{xh+i,- 



■,Xk-l) ) 

y=0/ 



Clearly, sign(rfc_?i_i_^) = h{k — h + 1). Hence, due to the skewsymmetry relation 
in Ck-i{R,M), the above expression is the same as the third term in the RHS 
of (4.11) multiplied by (-l)i+(''+i)('=-''+i). The third term in the RHS of (4.14) 
is similar. This proves that the bracket (4.11) is skewcommutative. 
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Wc arc left to prove the Jacobi identity and the odd Leibniz rule. These 
identities can be proven by a direct lengthy calculation, but instead we provide 
a short proof in the case when the Lie conformal algebra i? is a direct sum of a 
free F[9]-subniodule and torsion. 

First, we note that there is a natural Gerstenhaber algebra structure on the 
space of basic chains C,{R,M) (see Remark 4.13 below), defined by extending 
the Lie bracket on 1-chains nCi{R,M) introduced in [DSK], 

[a0 0(x),&(8)V'(a;)] = [aa^-^b] «• <p{xi)ip{x)\^,^a: 

-a® (6a^(/)(x))V'(2/)la=o +b(S) {ao^ip{x))(j){y)\y=Q , 

to all higher degree chains using the Leibniz rule (2.2) and (4.8). The resulting 
bracket coincides with (4.11) and satisfies the Jacobi identity and the left Leibniz 
rule by construction. Moreover, the space C, carries a Z-graded F[9]-module 
structure and the subspace of 9-invariant chains C, , called the reduced chain 
space, is a kernel of C, and hence a Gerstenhaber subalgebra. 

When i? is a direct sum of a free F[9]-submodule and torsion, there is a 
bijection, established in Proposition 3.12 of [DSK], between the reduced chain 
space Cf and the quotient space C, of the chain space C, by the subspace Ti of 
Ci (see Remark 4.9 below). This endows C, with the structure of a Gerstenhaber 
algebra, in particular, 77 C, is a Lie superalgebra. For the subalgebra 77 Ci of 77C, 
the Jacobi identity was proven in Section 3.8 in [DSK]. Next, recall that the Lie 
conformal algebra 7? acts trivially on the torsion of the F[9]-module M [K], in 
particular on M^. It follows that 77 Co is in the center of the Lie algebra 77 C,. 
Since [Ci,Cj] lies in Ci+j-i, it follows that the Jacobi identity holds for 77 C,. 

Likewise, it suffices to check the Leibniz rule (2.2) for X — ai ® ^(xi) G Ci, 
y = m £ Co and Z = 02 03 ® ip{xi,X2) G C2. We have 

[ai (g)(/)(xi),m A 02 ® as ® 'i{j{xi,X2)] = [019^^02] (8)03 iSi (j){xi)mip{y, X2)\y=xi 

-[aid^^a3]'»a2(E)(j>ixi)milj{xi,y)\y^x^ +02003® (ai a^ (m'(/'(a;i, X2))) (f){y)\y=o 

-oi 003 ® {a2 dy4'ixi))mil){y,X2)\y=o + ai (g) a2 ^ {aj d^(l){xi))rmp{x2,y)\y=o ■ 

The Leibniz rule follows immediately by expanding the third term on the 
RHS, using the fact that ax acts by derivations on the commutative associative 
product in M. This completes the proof of the theorem. 

D 

Remark 4-9. Consider the subspace Tk of Ck{R, M) spanned by elements oi (8) 
• ■ • (g) Ofe (g) 4>{xi , . . . ,Xk) such that one of the entries a^ is a torsion element of the 
F[9]-module 7?. Clearly, by (4.8) and (4.11), T, = ®kez+ ^k is an abehan ideal of 
the Gerstenhaber algebra C,{R,M). Let C,{R,M) = ^kez Ck{R,M) be the 
corresponding Gerstenhaber factor algebra. It is easy to see [DSK] that T^ = if 
fc 7^ 1, hence Ck{R,M) = Ck{R,M) iork^l, while C\R,M) = R®M/d{R® 
M) and C^{R, M)=R® A7/(Tor(7?) ® M + d{R ® M)). If R decomposes as in 
(4.4),thenCi(7?,M) = t/(g)A7, while Ci(7?, A7) = {@^M/{P,{d)M))®{U®M). 
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Remark 4-10. Wc can define a differential d on C,{R, M) dual to the one on the 
cochain complex only when the A-action of R on M is trivial. It is given by the 
following formula: 

d{ai ® ■ ■ ■ ®ak® 4>{xi, . . . , Xk)) 

j j 

= ^ (-l)^+^ai 0--- [ajg^^Oj] •■• (X)afciX)0(a;i,--- 2/ ■•• ,a;fc_i) 1^^^. . 

l<i<j<k 

If we try to dualize the differential on C*{R,M) even when the action is not 
trivial, we would have to add the following term [BKV] : 



8=1 

but this is a divergent sum, since the A-action of i? on Aik is not polynomial. 



4.4- Calculus structure {C,{R,M),C'{R,M)). Given an /i-chain X = ai(g)---(g) 
o/i ® 0(a;i, . . . ,x/j) S Ch{R,M) and a fc-cochain c = cx-^,... ^\^{ai, . . . ,ak) € 
C''{R, M), we define the contraction of c by X, denoted lx{c), as the following 
element oi C''-''{R,M): 



(''Xc)Aft+i,---,Ajah+i,--- ,afe) 

= (-1)^^~'/'(5ai , ■ • • , 5a;. )cai,... ,Afc (ai, . . . , afe) 



(4.15) 



=Ah=0 



Note that, for /i = /c, we need to take the integral of the RHS, since C'^{R, M) = 
M/dM. It is proved in [DSK, Lemma 7], in the poly-A-bracket notation, that the 
contraction i-xic) is well defined and it lies in C^~^{R,M). As usual, we define 
the Lie derivative Lx{c) £ C'^^''+^(i?, M) by Cartan's formula (2.1). Recalling 
(4.3), we have, by a straightforward computation which we omit: 



(ixc)Ah+i,--- ,Afc+i (a/i+1, ■ • ■ , flfc+i) 

h 



(_l)^^^V^('^(_l)^+V(a,^,...,aAja,,,(c . (ai,.?,afc+i)) 

k+1 

+ y] (-l)'(a»A.</'(5Ai,---,5Aj)c . (ai,---,afc+i) 

,=ft + l Ai,-,A. + i (4.16) 

+ E E (-1)^'+V(9a,,...,9aJ 

c ,■ (ai,. . . [aiA^aj] ■ • -jafe+i)) 



Ai ,...Ai + Aj ■■■,A;^^i 



Ai=-=Aft=0 
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Recall that Ci{R, M) is canonically identified with R ® M/d{R ® M). With 
this identification, formulas (4.15) and (4.16) become, for h = 1, 

('-ai®mC)A2,--- ,Afc ('^Z, ' " ' , Ofc) = Cqm x^,--- ,Afc («!>•■• 7 a.k)-^m , 

(ia(8)mc)Ai,---,Afc(ai,- " ' ,a/c) = (agAf CAi,... , At (oi , ■ • ■ ,aA;))^m 

k 

+ ^cx-,^...\^+d'^i ... ^Xkio-i, ■ ■ ■ a ■■■ ,ak)^{aix,m) 

k 

^ X! '^Ai,---A,+a"- ,Afc (ai, • ■ • [a-d'^iai] ■■■ , ak)^rn . 



In particular, for /i = fc = 1 we have, recalling the identifications C'^{R,M) = 
M/d^'M and C\R,M) ^ Homj.[a](i?, Af), 

(i-a^mc) = Jc{a)m , 

(ia(gimc)(5) = (a9Mc{b))^m+^ (b_gMm)c{a) - c{[agM]b)^m. 

In the second term of the RHS, the left arrow means that d^^ should be moved 
to the left to act on the whole expression. 

Theorem 4.11. The contraction map l. : C,{R,M) —s- End(C*(i?, Af)), and 
the Lie derivative map L. : nC»{R, M) -^ End(C*(i?, Af)), define a "Lj^^-graded 
calculus structure {C,{R, M),C*{R, M)). 

Proof. According to Remark 2.24, we only need to prove that l. gives a rep- 
resentation of the associative superalgebra C,{R,M) on C'{R,M), and that 
equation (2.11) holds. Applying formula (4.15) twice and using the skcwsym- 
metry condition on C^{R,AI) for the permutation Th^k-h in (4.9), we get, for 
X e Ch{R,M), Y e Ck-h{R,M), c e C^{R,M), that ixty(c) = txAy(c), due 
to the identity 



h{h-l) (k-h)(k-h-l) ,,, ,, fc(fc-l) 
Sh,k^h := ^ ^ ' + ^-^ + h{k -h)= ^ ^ ' mod 2 . 

(4.17) 

This explains the choice of the sign factor (— 1) 2 in the definition (4.15) of 

the contraction operators. Next, we prove equation (2.11). Let X = ai®- ■ -^ah® 

<l)eCh{R,M), Y = au+i®- ■ ■®ak®ip € Ck-h{R,M), c = cai,...,a,(&i, ■ • ■ M) & 

C^{R, M). We want to prove that 



(ix'-yc)Afc+i,---,Af+i(afc+i, • • • ,ai+i) 

+ (_l)i+('^+i)(fe-^)(,^7,^^c)A,+,,..a.+,(afc+i,--- ,am) (4.18) 

= {Hx,Y]c)\^+i,... ,Xe+i{o-k+l, ■ ■ ■ ,ai+l)- 
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By (4.15) and (4.16), the first term in the RHS of (4.18) is 



i=i 



+ Y. (-l)'(a.A.</>(5A,,...,aAj)V'(9A.+,,...,5Aj 

i 

(ai, •"•,a£+i) 



e+i 



i=k+l 



h h 

Y, Y (-i)^'+V(aA„...,aAjv(9A,+,,...,9Aj 

i=l j=i+l 



(4.19) 



Ai ,---Ai + Aj ■■■-A^^.i 



h £+1 

+ E E (-iy+V(9A,,...,aAjV(9A. + ,,...,aAj 
i=l j=k+l 

c J (ai,--- [aixMj] •••,a£+i) 

Ai,---Ai + Aj "-.Af-j-i 



Ai=-=Afc=0 



Similarly, the second term in the RHS of (4.18) is 



(-1) 



Sh,k-h + ik-h} + 



' E(-i)'^''^(^^- ■ • ■ ' <9Aj^(aA.+, , . . . , ^aJ 



e+1 

E 

i=h+l 



{a-ix^c i [ai,-' ■,ai>+i)) 

Ai,-"iA£_|_i 



+ Y (-l)V(9A.+,,..-,aAj(a.A.0(9A,,...,aAj) 



c i (ai, • "•,&£+!) 

Ai,---,Af+i 

^ Y (-1)^+V(5a,,...,5aJ^(5a,^,,...,9aJ 

z— 1 ^'^i+l 



(4.20) 



c J (ai, • ■• [aix^ttj] •"•,a£+i) 

Ai,-"Ai + Aj ---.Af+i 



Ai = ---=Afc=0 
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Combining (4.19) and (4.20), we get that the LHS of (4.18) is 

V 1=1 

i 

c i (ai,-"-,a£+i) 

k 

+ Y. (-l)'+V(5A.+,,...,5Aj(a,,.(/)(9A,,...,aAj) 

i=h+l 



h k 



c i (ai, •"•,a£+i) 

Ai,---,Af^i 



(4.21) 



-^ Y^ (-l)^"</.(9A,,...,aAjVX9A.,,,...,5Aj 



c J (ai,--- [a^A^Oj] •••,a£+i) 

Ai,'"Ai + Aj---,At'_l_i 



Ai — ■— Afc-0 



We next observe that, for i — 1, . . . , /i, 

i 

(j>{dx,,...,dxj{aix,ij{dx^^,,...,dxj)c , (ai, ■ • ■,af+i) 

Ai,---,Af+i 

is the contraction of c by 

oi^i ••• (g)afe «) (aiaj,'0(x/i,...,Xfc_i))0(a;i,--- y ...,a;/i_i) 
that, for i = h + 1, . . . ,k, 



Ai=---=Afc=0 



y=o 



ij{dx^^,, . . . ,dxJ{aixM9\i, ■ ■ ■ ,dxj)c . (ai, ■ • ■,a£+i) 

Ai,-":A^4.i 



Ai=-=Afc=0 



is the contraction of c by 

3 (aiaj^0(a;i,...,x,i))7/)(a;/i+i,--- y ...,Xk-i) 



aiC 



and that, for j = 1, . . . , /i, fc = i + 1, . . . , fc, 
0(9ai,.--,5aJV^(9a^+i,---,9aJ 

c j (ai, • • • [aix.aj] ■' ■,ae+i) 

Ai ,---Ai + Aj ■■■.Af+i 

is the contraction of c by 



y^O 



Ai=-=Afc=0 ■ 



I oi « ■ • • [Cio^.a 



i JJ 



)ak (g)(l){xi,...,Xh)4>{xh+ir ■■ y ...,Xk-i)) 



V=Xi 



FinaUy, we combine the above results and we use equation (4.17) to conclude, 
recaUing the definition (4.11) of the Lie bracket on C,{R, M), that (4.21) is equal 
to the RHS of (4.18). 

D 
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Remark 4-12. Recall from Remark 4.7 that C*{R,M) is a subcomplex of the 
complex C'{R,M), and from Remark 4.9 that C,{R,M) = C,{R,M)/T, is a 
Gerstenhaber factor algebra of C,{R,M). It is immediate to check from (4.15) 
that tx{c) = iiX £ T, and c G C*{R,M). Hence, we have the induced cal- 
culus structure {Ct{R, M),C*{R, M)), with the canonical morphism of calculus 
structures {C,{R,M),C'{R,M)) -^ {C,{R,M),C*{R,M)). 

Remark 4-13. We can define another calculus structure {C,{R, M),C*{R,M)) 
associated to the i?-modulc M , called the basic Lie conformal algebra calculus 
structure. The space of basic fc-cochains C^{R, M) is the space of F- linear maps: 
c : R'^^ — > F[Ai, . . . , Afc] ® M, satisfying the same sesquilinearity and skewsym- 
metry conditions as for C^{R,M). The differential d on C'{R,M) is defined 
by the same formula (4.3) as for the complex C'{R,M). The space of fc-chains 
Ck{R, M) is defined as the quotient of the space R'^'^ eg) M [[zi, . . . , Xk]] by the 
same sesquilinearity and skewsymmetry relations as for Ck{R, M). The structure 
of Gerstenhaber algebra on C,{R,M) is given by the same formulas (4.8) and 
(4.11) as for C,{R,M). We then define the contraction map l. : C,{R,M) -^ 
End(C*(i?, M)) by formula (4.15), and the same arguments (in a simpler form) 
as in the proof of Theorem 4.8 show that {C,{R,M),C*{R,M)) is a calcu- 
lus structure. Moreover, we have an obvious morphism of calculus structures 
{C,{R,M),C*{R,M)) -^ {C,{R,M),C*{R,M)). 



4-5. Calculus structure for a Lie conformal algebra com,plex and a reduction of the 
calculus structure for a Lie algebra complex. As before, let i? be a Lie conformal 
algebra and M be a module over R endowed with the structure of a commu- 
tative associative algebra on which 9*^ and ax, a G R, act by derivations. We 
have associated to the pair {R, M) the calculus structure {C,{R, M),C*{R, M)). 
Recall also from Remark 4.12 that it has the "torsion free" subcalculus structure 
{C„C') ^ {C,{R,M),C'{R,M)). 

Furthermore, we assume that R is of finite rank as an F[9]-module, so that the 
annihilation Lie algebra Lie_ Ris a linearly compact Lie algebra. By Proposition 
4.4, M, endowed with the discrete topology, is a continuous module over Lic_ R, 
and moreover Lie_ R acts by derivations of the algebra M and its action extends 
to the semidirect product (Lie_ R) x F9, with d acting as 9*^. 

Recall the calculus structure {A, (Lie- R,M), A* {Lie- R,AI)) from Section 
3.2. The action of d on Lic_ R and M induces its natural action on both 
A,(Lie- R, M) and ^*(Lie_ R, M)), preserving the Z^-gradings. More precisely, 

the action of d on Ak{Ue- R, M) = M®f\ Lie_ R is given by d{f ® X) = 

{d^f) ®X + f®dX, and its action on zi'=(Lic_ R, M)) = YloTa^{f\ Lic_ i?, M) 
is given by {duj){X) = d^^ {uj{X)) — uj{dX). It is immediate to check that the 
action of d on ^•(Lie_ i?, M) commutes with the action of the differential d in 
(3.1). Hence we can consider the complex (zi'(Lie_ i?, M)/dA'{lj\e- R, M), d). 
Furthermore, for a G Z\fc(Lie_ R, M), we have the identity 

[d, La] = LQa . 
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Hence, the Gerstenhaber subalgebra A,(Lic- R,M)^ from Example 2.31 is the 
kernel of the action of d on Z\,(Lie_ R,M). Now wc can consider the reduced 
calculus structure (4.(Lie_ R,M)^,A'{Ue- R,M)/dA'{Uc_ R,M)). 

In this section we will relate all these calculus structures. We define a Z+- 
grading preserving linear map <l>, : C,{R, M) —5- ^,(Lie_ R, M) by the following 
formula 

^fc(ai ® ••• ® flfe ®(j){xi,...,Xk)) 

Y, ai,,n, A ■ ■ ■ A ak,m, <E> ^ ^'Z' L, -...-.. -o • ^^'^^^ 

^-^ mil ■ ■ ■ ruk' ^~ -^''-'^ 

mi,--- ,m^el.+ 

Similarly, we define a Z_|_ -grading preserving linear map if"* : zi'(Lie_ i?, M) — >■ 
C'{R, M) by the following formula 

(!f''w)Ai,...,Afc(ai,--- ,afc)= V ^-j ^a;(ai,™iA---Aafe,„J. (4.23) 

^^ ^„ mi!---mfc! 

mi,--- ,mj^^£^ 

Theorem 4.14. Let R be a Lie conformal algebra of finite rank as an ¥[d]- 
module, and let M be a module over R endowed with the structure of a commu- 
tative associative algebra on which d^^ and a\, a € R, act by derivations. Then 
the maps <?, and ^' defined by (4.22) and (4.23) give a morphism of calculus 
structures 

{A,{Ue -R,M), A' {Lie _R,M)) -^ {C,{R,M),C'{R,M)) , (4.24) 

which induces a calculus structure isomorphism 

(zd.(Lie „i?, Mf, A*{Ue _i?, M)/dA'{Ue _i?, M)) ~ {C,{R, M), C'{R, M)) . 

Proof. First, we need to check that the maps <?, and W are well-defined. Let 
X = ai ® ■ ■ ■ ® ah ® 4> & Ch[R, M) and uj e 4* (Lie _i?, M). Using the fact that 
d acts by —dt on Lie_i?, we have 

^/i(ai (g) • • • 9aj ■ • • ® a/i (gi(?!)) =: 



■- ,mh.£'Z+ 






2J ai,nii A • ■ • A Oh,. 

■■ ,mheZ.^ 



r)™i . . . fjmi + 1 , _ . fimh 
"xi "^Xj ^Xh I I 

TTli! • ■ • ?Ti/i! la:i = ---=Xh=0 



= ^/i(~ai ®---®ah® 9x,0) , 

thus proving that ^h(X) satisfies the sesquilinearity condition in Ch{R,M). 
The skewsymmetry property follows immediately by the skewsymmetry of the 
wedge product. Likewise, using dum = —'mam-i and relabelling the indices, it 
is immediate to check that ^'^{ui) fulfills the sesquilinearity and skewsymmetry 
conditions in C'^ (i?, M) . By the same token, one has that the action of d on 
Z\,(Lie _i?. A/) is given by 

d^hiai ® • • • ® Cfe ® 0) = ^ft (ai (g) • • • ® afe ® {d^^ - d^, <9^J0) • 
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Recalling condition (4.5) satisfied by e M.in wc conclude that the image of <?, 
is Ker(9). Moreover, the kernel of <P, is precisely the torsion part in C,{R, M). In- 
deed, as pointed out in Remark 4.9, all torsion is contained in Ci {R, M) and since 
R is assumed to be of finite rank, it follows that Ker(^.) = ( 0^- M/{P,{d)M)) . 
Next, we prove that 'P, is a homomorphism of Gerstenhaber algebras. The 
identity (Ph+kiciAb) ~ 'Ph{o.) A<?fc(&) follows immediately by (4.8) and definition 
(4.22). To see that the Gerstenhaber bracket is preserved by <!>,, we first note that 
the bracket on ^,(Lie_-R, M) is given by (2.10), extended with two additional 
terms due to the non-trivial action of Lie _i? on the coefficient module M, 

[ai,mi A • • • A ah,mh ® u , ah+i.mh+i A • ■ • A ak,mk ^ v] 

h k 

J 



i=l j=h+l 
h 



+X]("l)''^'«i:"'iA • • • Aflfe,™, (g) (ai,™,.w)M 

i=l 
k 



(4.25) 



i=h+l 



where [a^.^i ,o,j,m] is defined by (4.1) and u,v £ M. Here we have shifted the 

commutator in the RHS of (2.10) to position i, changing the overall sign by 

d' 
(—1)'^"'^. Expanding the first term in (4.11) using [aio_^,aj] = X]/ez i^i{l)'^j)^^ 

a straightforward computation yields 



L E E (-l)''+^+^«i®---5: 7j(a,(,)a,)...®a.« 

mi nii+mj—l nij-i mj + i 



ii,...,mft)r(mh+i,...,mfc)" 



■^i-1 ^3 ■'■•^fc-1 



mi\ ■ ■ ■ TTifc! 



which corresponds to the first term in (4.25) under the map 'I'k-i- Likewise, 
expanding the second term in (4.11) using (4.2), we get 

h 
E ^(-l)''+'ai(8) • • • (8)afe (8) (ai(mi)'0(m,. + i,...,mfc))'/'(mi,...,mh) 



m-i-i ?ni-|-i 



■Xi. 



fc-1 



TOi! ■ • • rrikl 

which is sent by 'Pk-i to the second term in (4.25), and similarly for the last 
term. 

We show next that 'F* commutes with the action of the differentials d and 
hence defines a morphism of complexes. By (4.23), we have 

^^ mil ■ ■ ■ mk+i\ 

nil,--- ,mk-i-iG£+ 
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where duj is given by the formula (3.1). Combining (4.3) and (4.2), it is not hard 
to check that the first terms in d'I'''{uj) and ^''^^{dut) are equal. Expanding the 
last term in dW'^[uj), we obtain 

mi,--- ,mfc + iGZ+ i<j l& 



■+ 



3 



Ai ■■■[Ai + Aj) ■ ■ ■ -^k+l 



mil---mk+ll 



Using the following identity, 



{Xi + Xj)""' X\ _ 1 >-^ AtiA „,,_„i^+; ,„^ _ ,-^ fm.i'\^T'^, 



where m^ = fhi + nij — I, we conclude that also the last terms in d^^{ijj) and 
i^'^+^((ia;) coincide, thus proving the claim. 

The image of •f'* corresponds to the free part in C'{R, M). Indeed, by Remark 
4.7, only C^{R, M) contains torsion and assuming that R decomposes as in (4.4), 
it is clear by (4.23) that Im(!f'') = C'{R, M). Moreover, it is not hard to check 
that the action of 9 on 4'(Lie _i?, M), given by {duj){X) = d^''{uj{X)) -uj{dX), 
leads to 

{^\duj))^^^ ^^Jai, • ■ • , flfc) = (9 + Ai + • . • + Afc)(if ^(c^))^^^ _^^ (ai, • • ■ , a^) ■ 

Since F_ [Ai, . . . , Xu] ®F[a] ^ is the quotient of F[Ai, . . . , Afe] ®f V by the image of 
(a + Ai + • • ■ + Afc), it follows that Ker(!f '^) = Im(a). 

Finally, we check that the contraction operators are compatible with the 
homomorphisms, namely that ^'{l^^i^x){^)) = i-x{'l''{'^))- By (3.4), it follows 
that the coefficient of A"_[;+' •••A"" in !f''^'"''(t<g.(x)(w))A„+i,... .aJo/i+i, • ■ • ,afc) 
is 

w(ai,„i ^■■■ ^ak,„^^)-^ ^0(xi,--- ,Xh) L,_..._^,_o- 

Likewise, recalling (4.15), the corresponding coefficient in the polynomial 

tx(!f'=(a;))A^+i,-,Aja,,+i,--- ,afc) is 

w(ai,™i A--- Aafc,™J(?i(9Ai,--- ,dxj-^ ^ Ia,— -a.-o' 

TTll! • • • TO/j! '^1- --^fc-U 

which, by noting 9aA™|a=o = d^x"'\x=o = m\6m,n, proves the claim. 



Remark 4-15. Recall the calculus structure {C,{R, M), C'{R, M)) introduced in 
Remark 4.13. Formulas (4.22) and (4.23) define an isomorphism of calculus 
structures (4.(Lie_i?, M), Z'(Lie_E, M)) ~ {C,{R,M),C*{R,M)). This iso- 
morphism induces the morphism (4.24). In other words, we have the following 
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commutative diagram, of calculus structures: 



(^.,4-) 



-^iCC) 



(if, AydA') ^^ ic„c') > {c.,c') . 

5. The complex of variational calculus 

5.1. de Rham complex over an algebra oj differential functions. 

Definition 5.1. [DSK] Let I = {l,...,l} be a finite index set. An algebra of 
differential functions V in the variables Ui, i G I, is a differential algebra, i.e. a 
unital, commutative, associative algebra with a derivation d : V ^>- V , together 
with commuting derivations — j^ : V — !• V, such that 



du. 



in)'- 



d 



du 



(n-l) ' 



(5.1) 



and, for any / 6 V, — Lr = for all but finitely many i G I,n ^ Zj_. 

dul ' 

The image of an element f E V under the quotient map V — > V/dV is denoted, 
as before, J f. 

Example 5.2. The polynomial algebra Rt = F[w^" ]ig/_„gz^ is an algebra of dif- 
ferential functions with du^' = ul" and the usual d/du^' . 

Example 5.3. The polynomial algebra Rt[x\ is an algebra of differential functions 
extension of R(,, with dx = 1. 



A vector field is a derivation of V of the form 

d 

Fl'-- 



^= E PI 



du. 



in)-- 



pp eV. 



(5.2) 



Obviously the space of vector fields is closed under the commutator, and we 
denote the resulting Lie algebra by Vect(V). In fact, the pair (V,Vect(V)) is 
a Lie algebroid, with the obvious actions of V on Vect(V) and of Vcct(V) on 
V. Hence we can consider the corresponding Gerstenhaber algebra oi polyvector 
fields i7,(V) = Sv{n \cci{V)) , given by Proposition 2.14. Its elements have the 
following form: 



X 



E 



pni...nfc 



d 






du. 



("i) 



A ••■A 



du. 



("fc) 






(5.3) 
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The associative product in f2,{V) is just the wedge product, and the bracket 
(2.10) becomes in this case: 

\P — J — r A • ■ • A — -. — -,Q — -. A • ■ • A — -. — r 

Note that there is a natural action of 9 as a derivation of the Lie algebra 
Vect(V), given by X h-)- [9, X]. This action extends to a derivation of the Ger- 
stenhaber algebra /2,(V). Explicitly, if X is as in (5.3), we have, using (5.1), 

am- E (^^"■„.r--i:<:::r'-"')^A-A^-(5-5) 

A polyvector field X e ^.(V) is called evolutionary if d{X) = 0. Hence, X in 
(5.3) is an evolutionary polyvector field if and only if 

5^:;.r = E^:.f ■■■" (5-6) 

The de Rham complex over V is the free unital commutative associative super- 
algebra over V with odd generators dul'' , i E I,n e Z+. It consists of elements 
of the form 

--^ E c;.^'^-^^A...Adu|-^ c:,:-6v, (5.7) 

il,--- ,ik&I 
mi,--- ,mk 



where all but finitely many coefficients j™i ■-'"'= are zero. It is a Z_(_-graded 
complex, with the differential d given by the usual formula: 

1 Qi-mi...mfc 

dn^^L y y -'^--^ du'f^ a du'T'U ■ ■ ■ a du^'^ . (5.8) 

fc! ^-^ A^ a (n) J n ifc V y 

nil ,"■ ,"i/s (=Z-|- 

Clcarly, d is an odd derivation of degree 1 and one checks easily that d^ = 0. 

Given a vector field X G Vect(V), we define the contraction operator lx as 
the odd derivation of the superalgebra f2' (V) acting trivially on V and such that 
Lx{dUi) = X{ui' ). Furthermore, for / G V, we let if be the operator of left 
multiplication by / on Q'{V). Recalling Definition 2.9, one easily checks that 
the resulting map l. : iTVect(V) ® V — > End(/2*(V)) defines a structure of a 
(Vcct(V), V)-complex on (J7*(V),(i). Hence, by Theorem 2.25, this extends to a 
calculus structure (i7,(V), J7'(V)). 
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The action of d on V extends to an action on the de Rhani complex il'iV) 
as an even derivation of the associative product such that d{dui' ) = d{u\" ). 
It is immediate to check that d commutes with the action of d in (5.8). Hence, 
we can consider the reduced calculus structure (J7,(V)^, r2*(V)/9J7*(V)) (see 
Example 2.31), which we call the variational calculus structure, and denote by 
(I2,(V), ^'(V)). It is easy to check that 

[d,Lx] = L0ix) , Xef2,{V), (5.9) 

hence the Gerstenhaber algebra i7, (V) is the algebra of evolutionary polyvector 
fields. The complex {[2'(y),d) is called the variational complex [GD]. 



5.2. Variational complex as a Lie conformal algebra complex. The connection 
between Lie conformal algebra calculus structure and the variational calculus is 
based on the following observation, [DSK]. Let V be an algebra of differential 
functions and consider the Lie conformal algebra R = (Bii£i¥[d]ui, with the 
zero A-bracket. Then V is endowed with a structure of an i?-module, with the 
following A-action: 

and R acts by derivations on the associative product in V. Recalling the con- 
struction in Section 4.4, we consider the calculus structure {C,{R, V), C*{R, V)) 
for the i?- module V. 

In this section we will identify it with the variational calculus structure, and 
in the next section we will describe it more explicitly. 

We define a map ^. : C,iR,V) -^ n,{V) as follows. Since R = ®,¥[d]u, 
is a free F[9]-module, the space Ck{R,M) is spanned by elements of the form 
a = Mil • ■ • O Ui^ (gi 4'{xi: • ■ ■ J ^k), with ii,. . . ,ik G / and </> G M.k- Expanding 



the formal power series as 



pni...nfc 



■ ,nt.GZ+ 



we let 



ni ,■■■ ,nt GZ+ 

Clearly, <Pk is well defined and injective. Moreover, the condition that (f> G A4k 
exactly corresponds, in terms of the coefficients P"^"j"''°, to identity (5.6). Hence, 
the image of ^^ is the space of evolutionary polyvector fields X?fc(V), and 'P, 
induces an isomorphism of Z+-graded vector spaces <P, : C,{R,V) — >• /2, (V). 

Next, we define a map !f ' : f2'{V) -^ C'{R, V). Let uj £ f2''(y) be as in (5.7). 
Given indices ii, . . . , i^ £ I, we let 



E 

■■ ,mfceZ+ 



Ar^ ■ • • K'" (/)".".r' e ^[Ai' • • • : Afc] V , (5.12) 
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where (/) is the skcwsymmctrization of /, i.e. 

, n\mi...mk _ ]_ V^ pm„(i)...m„(fc) f r^ ^ 'i\ 

Note that the RHS is a polynomial in the variables Ai, . . . , Afc since, by as- 
sumption, all but finitely many coefficients y™ir'"'= are zero. Then ^^{u)) S 

C'^{R, V) is defined by extending the above formula to i?®'' -> F[Ai, . . . , Afc] (g) 
V by the sesquilinearity relations, and composing it with the quotient map 
F[Ai, . . . , Afc] (g) V — > F„[Ai, . . . , Afc] ®¥[d] V. Clearly, 'F'^{uj) satisfies the skewsym- 
metry conditions in C''{R,V), thanks to the assumption that the coefficients 
/™^j'"'= are skewsymmetric. Hence ^^{uj) lies in C^{R,V). Moreover, the map 
\lf^ is obviously surjective. To study the kernel of the map !Z''^, we need the 
following identity, which can be easily checked directly: 

= (a + Ai + • .'• + \k){^''{u))^^ ... ;,Jm,,, • •■,«.,)£ F[Ai, . . . , Afc] ®F V . 

(5.14) 
Recalling that F_ [Ai , . . . , A^] ®F[a] V is the quotient of F[Ai , . . . , A^] ®f V by the 

image of (9 + Ai H h Afc), we deduce that Ker(if''') = Im(9). Thus •?'• factors 

through a bijective map of Z_|.-graded vector spaces W : Q'{V) — s- C'{R, V). 

Theorem 5.4. Let V be an algebra of differential functions in the variables 
Ui, i £ I. Then the maps <?, andW* defined by (5.11) and (5.12) give a morphism 
of calculus structures 

(i?.(V), n'iV)) ^ (CiR, V), C'{R, V)) , (5.15) 

which induces a calculus structure isomorphism 

(r2.(v), n'{v)) ~ {CiR, V), c'iR, v)) . 

Proof. We want to prove that <P, is a homomorphism of Gerstenhaber algebras. 

Let a = Mil (g ■ • • (g) Ut^ (g) (/i(a;i, ■ ■■ ,Xh) G Ch(i?, V), b = Ui^^^ g) ■ ■ ■ g) Ui^ (g 
i/'(a;i, ■ • ■ , Xk-h) e Ck-hiR, V) and let Pl^^J^'' and Q^^:;;-^ be the coefficients 
of x™^ • • • a;™'' respectively a;"^ • • • 2)^,^^'' in the formal power series expansion of 
(j) and V- By (4.8), the coefficient of x™^ ■ • ■ x™'' in a A 6 is 



Slgn((T) pTn„(i)...m„(h)^m„(h_n)...?n<,(fc) 

h\{k-h)\ ''"(i) ■■■*-('') ^V(h+i)---V(fc) 



crGSfe 

which, together with (5.11), proves that <?, is an associative superalgebra homo- 
morphism. 

We are left to prove that the Gerstenhaber bracket is preserved by this map. 
Since the A-bracket on R is zero by assumption, the expression (4.11) for the 
bracket [a, b] reduces to 

h 

(-1) +"Mjig) ■•■ ®U^^ g) [u^^ g^1p{xh,...,Xk-l))(l){xi,--- y ...,Xh-l) + 



y^ (-l)''+"Mjig) ■•• g)Mj^ (g (mj„ a^(/)(a;i,...,a;/i))^(a;h+i,--- ?/ ...,a;fe_i), 

(5.16) 
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evaluated a.t y — 0. Using formula (5.10) for the i?-module structure on V and 
expanding in formal power series, the first sum in (5.16) at y = is equal to 



r™! . . . T™°-1 T-™° + l . . . -r™'' 



where wc have used I -4- ) j/'"° |j,=o = 'm'a^-5n,ma- Similarily, the second sum in 
(5.16) at y = is equal to 

k apmi...mh 

E i-ir-u.,^----m.,^ Y. c:r.:r-f(er 

a=h+l mreZ+ ia 

The identity •Pk-i{[0',b]) = [<Pfi{a),'l'k-h{b)] follows by combining the above 
results with the formula (5.4) and the definition (5.11) of ^,. 

Next, we prove that 'F* is a morphism of complexes. Let ui G n'^{V) as in 
(5.7). Again, due to the triviality of the A-bracket on R, the second term in (4.3) 
vanishes. Recalling the A-action (5.10) of i? on V and (5.12), the coefficient of 
A"" • ■ • A™^j^' in the polynomial (dtZ/'=(w))Ai,... ,Afc+i(wii, ■ • ■ ,Mifc+i) is 

k+i difrr"^'^' 

E( -I \a + l »i-'-ifc+i 

Q = l C'Uj^ 

By (5.8), it follows that 

' /^f^s-mfc + l \ 



('^'^'('^-))a.....a.,. (--•■• '--..)= E -^r---A:-r{^^^^TiS- 



fc+i a(/)™r"^+^ 

Al •••Afc+1 2^(,-lj (ru„) ' 

thus proving that tZ/'''+i(dw) = (M/^{uj). 

Finally, we show that <P, and ^* are compatible with the contraction opera- 
tors. Let a — Ui^ ® ■ ■ ■ ® Ui^ ® 4> G Ch{R, V) and let uj G il''{V) as in above. We 
want to prove that 'l'^~^{L^^(a){^)) = '-a(3'''(w)). By (3.4), it follows that the 
coefficient of A"^+' •••A™'" in !f'=-''(t^,^(„)(w))A^+i,...,A,(w»^+i, • ■ ■ ,w.»J is 

\ I / , ii---ih " 'il---ik 

?ni ,...,7n/iG2^+ 

On the other hand, recalling (4.15), we have that 

ia(<Z'''(w))A^+i,...,Ajw»fc + i, • ■-,"»,) = 
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h(h-l) X — ^ X — ^ 0\ 0\ 



"Ik 






mi,--- ,mfcGZ+ 

which completes the proof of the theorem. 



D 



Remark 5.5. Formulas (5.11) and (5.12) define an isomorphism of calculus struc- 
tures {f2,(y),f2'iV)) ^ {C,{R,V),C'{R,V)). This isomorphism induces the 
morphism (5.15). In other words, we have the following commutative diagram 
of calculus structures: 

{Q,{V),Q'{V)) ^ {C,{R,V),C'{R,V)) 

(I2.(V), n'{V)) ^ {C,{R, V),C'{R, V)) . 



5.3. A description of the variational calculus structure. Let V be an algebra of 
differential functions in the variables u;, i G /. To every fc-cochain uj € il we 
associate the linear map 5*2 : HkiV) -^ V, X ^ ^^(X) = (-l)'=('=-i)/2i^(w). 
Explicitly, it is easy to see that for uj as in (5.7) and X as in (5.3), we have 

r/ii,--- .rn^GZ-i- 

where (/) is the skewsymmetrization defined in (5.13). 

Lemma 5.6. For Zj e Q''{V) and X e Qk{V) C Qu, we have S'as(X) e dV. 

Proof. Wc have, by definition, 

SaziX) - (-l)^-(^-i'/2.x(9S) = (-l)'=(^-i)/2(a,^(5) _ ,3(^)(5)) . 

In the second identity we used equation (5.9). To conclude we just notice that, 
by assumption, d{X) = 0. 

D 

By Lemma 5.6, for w £ f2''{V) = f2''{V)/df2'^{V) we have the induced map: 
^fe(V) -^ V/dV. Recalling the isomorphism W'' : Q''{V) ^ C^{R,V) defined in 
Theorem 5.4, to every c £ C'^lR, V) we associate the induced map Sc : i^fc(V) — ?► 
V/dV. Expficitly, if c 6 C''{R,V) is such that 

mi ,■■■ ,??ifcGZ+ 
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and X E ilh IS as in (5.3), we have 

s,{x)^ ^ /c^r^^-.r'"- (5-19) 

ii,--- ,ifcG/ 
mi,--- ,mfc EZ^- 

In this section we assume that the algebra of differential functions V is non- 
degenerate, in the sense that the pairing V x V — > V/dV, given by (/, g) = J fg, 
is non-degenerate. By [DSK, Lemma 10(c)], any differential algebra extension of 
the algebra of differential polynomials in Example 5.2 is non-degenerate. 

Proposition 5.7. Suppose that V is a non-degenerate algebra of differential 
functions. Then 

(i) if ce C^{R, V) is such that Sc = 0, then c = 0; 

(ii) if c e C^{R, V) is such that Sc{Xi A • • • A Xk) = for every Xi,. .. ,Xk € 
fii{V), thenc = 0. 



Proof. Obviously (i) implies (ii). Suppose then that c in (5.18) satisfies the 
We have, letting X^ = E,e/,„ez+(5"^f )t 



assumption in (ii). We have, letting Xa ~ 'l2iei nez (9"P") ,„) e i7i, a 



ii,--- ,ifce/ 
mi,--- ,?n;^ GZ-i- 



for every of P-'^, . . . , P'^ G V^. Integrating by parts, and using the nondegeneracy 
of the pairing V x V — > V/dV, we get 

E Mr'=(C"rM5"^^\)---(9'"'=-/^tl)) =0 

ii,--- ,ifce/ 
mi,--- .mfcSZ-i- 

for every P^, ■ • • ,P''~^ G V^. Equivalently, we have that 

E (-^ - ^1 A,_i)™'=/r.T'"^r^ • • • A^r^ = , 

ii,--- ,ik&I 
mi,--- ,mfc GZ^ 

as an element of V[Ai, . . . , Afe_i]. In other words, the corresponding /c-A-bracket 
{ui-^^ ■ ■ -Ui^-^ "ifcjc (see Remark 4.6) is zero. 
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Thanks to Proposition 5.7 we can and we will identify the space of /c-cochains 
C^{R,V) with the space of skewsymmetric local k-operators, namely the maps 
S : Qk^ V/dV of the form 

S{X)= E Ifn'^rPn^-C' (5-20) 

ii,--- ,ik&I 
mi,--- ,?7ifcGZ+ 

where //".!.i "*'' S V are skewsymmetric under simultaneous permutations of 
upper and lower indices, and all but finitely many of them are zero, and X = 
T.P?'"T''—T^ A ■ • • A — ^ e f^kiV) is an evolutionary fc- vector field. 
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Next, we will sec how the calculus structure on C*{R,V) translates under 
this identification. 

It is not hard to check, by direct computation, that the definition (4.3) of 
the differential d : C''{R,V) —^ C'^"*'^(i?, V) gives rise to the following map 
on skewsymmetric local operators. Let S : i7k{V) -^ V/dV be as in (5.20) 
and consider the evolutionary k + 1-vector field X = V P""^ "''^^ — j—^ A • • • A 



T^^^^^ e f2fc+i(V). We have 



du 

Jfc + i 






ii,--- ,ik+i€l a=l la 

mi,--- ,mfc+ieZ+ 

(5.21) 
In particular, \i X = Xi A • ■ • AXk+i , with Xi G i7i (V), we recover formula (166) 

from [DSK]: 

idS){X) = Y.^-ir+' / {X^S){XiA •-• AXfe+i) , 

Q = l •' 

where X^S means that Xa acts on the coefficients of S. 

Next, we see how the contraction operators lx, X € J7^(V), act on skewsym- 
metric local fc-operators. The action of lx on a skewsymmetric local fc-opcrator 
S : i7fc(V) — > V/dV is induced by its action on f2''{V) via the map 5 t-> 5^ 
defined at the beginning of the section. It follows that, for X G ^h(V) and 
Y e f2k~h{V), we must have {ixS){Y) = {-l)''''''-^^/^S{X A Y). Here we 
used equation (4.17). Explicitly, if S : l2fe(V) -^ V/dV is as in (5.20), X = 
E^r'T— ^ A • • • A -^, and y = V Q"'-+^-"'° ,f . A • • • A — ^, we 

^1 ^h Oh+1 ^k 

have 

(.x5)(y) = (-1)^"^ E /c^r'^^-'r'^c::™- (5-22) 

ii,--- ,ifc6-f 
mi ,--- ,mfc GZ-i- 

Combining formulas (5.21) and (5.22) we get, by Cartan's formula, an explicit 
expression for the Lie derivative LxS : fik-h+i -^ V/dV. For S and X as before, 

and F = E C:.--.':r.^ ^^r^ ^ ■ • ■ ^ ^T^ ^ r2._,+i(V), we have 

ih+l Jfc+1 



\a=i C«,^ (5 23) 

Cjpmi...mh \ 

mfc+l "-^ii...ih \ ^mh+i...mfc + i 




E (-i)"ri 

41---U-+1 du. 



(nia) j ^*h+l---«fc + l 
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In particular, ii X ^ Xi A ■ ■ ■ A Xh, Y = X^+i A • • • A Xk+i, with X, e J?i(V), 
equation (5.23) becomes 

h 

hjh-l) 



{LxS){Y) = (-l)^^(^(-l)"+i(X«5)(XiA •:• AX,+,) 

a = l 

h fc+1 „ 

+ J2 E (-l)''^(XiA---X^(X„).:-AX,+i)), 



a = l 

h fc+1 „ 

-lfS{XiA---X0{X^) 

a=ip=h+l 

where, as before, XS with X G f2i{V), means that X acts on the coefRcicnts of 
5", and Y{X), with X,Y € J7i(V), means that Y acts on the coefficients of X. 
(In terms of characteristics, Y{Xp) = Xy(p) [DSK]). In the special case h = 1 
we recover formula (175) in [DSK] (there is a typo there in the second term of 
the RHS): 

k 

{LxS){XiA- --AXk) = {XS){X,A---AXk) + Y, S{XiA- • •X^(X) • • -AXfe+i) . 
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